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PHU0NG PHAP GAN DUNG XAC DJNH TRAM SO 

A A , 

H~ DAO DQNG RUT GQN 

PHAN NGUYEN DI 

v " " D)...T VAN DE 

Xac djnh cac tham sil cda ml?t h~ dao d/?ng phu hgp v&i cac di).c tru-ng d/?ng h.rc hgi: nhrrng 
yQ-j yeu cllu mo hlnh dan giin, it b~c tl}" do Ia m</t bai toan quan trgng c0.a d</ng \\l"C h9c may; 
Ne'u chi quan tim dgn tin sO rieng cda h~ (tham sO chi g'am c3.c khOi hrQ'Ilg tij..p trung ho~c mO 
men quan tinh va khii.u nili dan hlli), Rivin [1] da drra ra ph1rang phap chia ho~c ghep d.c khlli 
lrrqng c~h nha.u. M~i bwc tiifn ha.nh theo each nay sil b~c tv do cda. h~ rut di mgt, h~ moo nh~ 
drrqc c6 n - 1 tlin s5, theo thll- tl}" xO:p xl blng n - 1 tlln sil h~ ban dllu .. Phat tri~n theo h1r&ng 
nay, Baran {2} them mQt tha.m s() m6i 13. h~ sO coin tlrcmg dOi b trong cac khSu dan h'Oi. 

Trong [3] tac gii da x6t k€ ci tru-lrng hgp c6 ll}"c ngoai tac d~ng va l'fc rna sat tuy~t d5i nhung 
v&i gil. thie"t lvc c!n tuy~t dili ty l~ b~c nhO:t v&i v~n tile va ll}"c klch dgng ngoai Ia nhihlg ham 
di~u hoa hoi).c tulin hoan, DU"&i. day se x6t tnremg hqp lvc tac d~ng Ia tuy y, c6 vi d11 minh hga. 

, , " 
§1. ca sa L Y THUYET 

Chia h~ dao d\mg thanh hai lo;U h~ con ca bin nhrr mo hlnh 1a va lb. Cac tham sil drrqc th~ 
hi~n tren mo hlnh gllm: khili l1rqng t~p trung (ho~c mii men quan tlnh) m,; cac d9 c.rng cda ph"an 
td- dan h1>i c,, lvc c!n trrang dlli trong cac khan dan hlli v&i h~ s5 cia p,; lvc tac d~ng ngoai gllm · 
F, va hrc c!n tuy~t dili ty 1~ v&i v~ tile, h~ sil cin Jl.k· D~ phin bi~t cac tham sil tren mii hinh 
lo;U a hay b se dung cac chi sil a ho~c b tren cac tham sil i!.y. 
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mkxJ: + c;:_.(xJ:- xJ:_ 1 ) + Pl:-dxl:- xl:_ 1)+ 
+ c;:(xl:- 4+1) + p/:(xl:- xl:+,) + J.</::i:l: = F:(tl 

q,;:_, = c;:_,(xJ:_,- xJ:) + p/:_,(x;:_,- ;;;:) 
4>k+l ~ C_k(:z:k- xk+d + Pk(:i:k- :i:k+l) 

Phmmg trlnh dao di)ng cda mo hlnh 1b Ia: 

Trong cac phllang trlnh (1.1), (1.2) F;(t), i = k- 1, k, k + 111>. nhirng ham tuy y. 
Dung phep bi~n d5i Laplace [4[ 

co 

g;(s) = L{F;(t)} =! e-''F,(t)dt 
0 

b diy chgn s = iw, w 13. t'a.n s.1 riSng cd.a h~. 
Ngoai ra dung cac ky hi~u sau: 

Do 

L{x;} = <p; 

L{q,.} = P; 
i = k - 1, k, k + 1. 

L{:i:;} = sL{x;}- x;(O) 
L{i;} = s 2 L{x;}- sx;(O) - x; (0) 

cho nen ndu chc:m di'eu ki~n ban d'a.u lA h~ dtl-ng yen se nh~n drrgc: 

L{:i:;} = s<p;; 

Sd- d¥ng phep bie'n d5i Laplace cho (1.1) va di!-t 

H: = c:+iwp: 
a 

f)a = ma -i/1-v 
v v w 

v = k - 1, k, k + 1 

2 Hk-1 +Hk 
Wak = f)a 

k 

~1:-t ~ (H! + H1•) (1-~ )P.'+l+ 
k-1 k Wak 

+ ( 1 - H:_, + H;: . w2 ) 'Pk - gj; 
Hk-1 Wak +l _Hk-:1 

H".+H" 2 . 
Pa (1 k-1 k W )pa 2na a ·a 

k-1 = - Ha '· :-"2 k+l- W l1_k<pk+1- 9k 
-_ k wale 
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Do phep bie'n d.Si Laplace Ia phep bie'n d.Si tuye'n tinh va c6 phep bie'n d<ii ngu:gc nen khi tr& 
l;U ham gllc d.c dllng th11-c (1.8) d~n de'n 

• ( 1 1 ) . ( w
2 

) -'". "•-t = H• + H• 1- -.- "'"+' + 
k-1 k Wale 

( 
H:-t +·H: 2 2 ) a Pk 

+ 1- H• . w wak ">+t - H" 
lc-1 ' k-1 

(1.9) 

• ( HJ:_ 1 + HJ: w
2 

) -'" 28• • ,. 
tPk-1 = 1- H· ... -.- 'f'k+l- w •"HI - .... 

k wak 

Hoan toan tu:ang t'l', dung phep bie'n dili Laplace tren cac phllang trlnh (1.2), s.t d1;1ng ky 
hi~u (1.6) va d~t 

(1.10) 

sau phep bie'n d8i ngtrc;rc ta d1rqc: 

9• + 9• 2 ) -~.• R" 
b - (1- k k+l . .!!!..._ :r;b + !!±..!. - k+l 

"• - 8• w2 k+l H• H• k bk k k 

b ( ot + 8t+l W
2 

) b 2 b b 
"'• = 1- e• · -.- q,>+, - w (8• + e>+,) 

·- k+l wbk 
(L11) 

- (1- 8t+8t+l. w")F:• -F• 
9• 9• •+I • 
k+l. bk 

Ne'u xac djnh du-qc tr~ng thai d<)ng l'l'c hqc t;U ba:t ky m<)t m~t c~t nao cua h~ ( 6- day tr~ng 
thai d<)ng l'l'c h9c Ia (x, ¢;) thl xem nhll h~ dao d<)ng du-gc xac djnh. Ding thU:c (1.9) Ia bi~u di~n 
tr~g thai cda h~ tiJ.i tr'!ng thai k - 1 qua tr~ng thai m~t cltt k + 1 cua mil hlnh lo;U a, con dhg 
thll-c (1.11) Ia tr~g thai t~i m~t cltt k bi~u dih qua tr~ng thai t~i m~t c£t k + 1 cda mo hlnh 
loai b. 

. Vi!n d~ Ia clln ch9n cac tham sll thfch hgp d~ thay the' mo hlnh lo;Li a bhg mo hlnh lo;Li b. 
Ch9n 

H• 8•- ._, ·81: 
•- H1:+HJ:_ 1 

b Hi: 
8•+1 = H"+H" ·8% 

k k-1 

1 1 1 
K• = H• + H• 

k k k-1 

F•- HJ:_, 
k- H"+H" ·F/: 

k k-1 

• HJ: 
Fk+, = H• + H•. . FJ: 

k k-1 

(1.12) 

Thay (1.12) vao (1.10) tanh~ du:gc (1.7), nghia Ia "t'iln sll rieng" cda hai h~ con trung nhau. 
Cling v~y, d1ra (1.12) vao (1.11) nh~ du:gc: 

~~- ( 1 1 )-''" ( HJ:_ 1 +H;: w
2

) '" Ff: 
"• - H• + H• '~'k+l + 1 + H• . w2 . ""+' - H• 

k k-1 k-1 ak k-1 
Ha • Ha 2 2 2 -''" (1 k-1 T k W ) -''" 2na (l W ) Ia ( W ) .,. 

'rk = -. Ha · --:r- 'f'k+l - W rlk - -.- xk+l- 1- -.- "'k 
k wak Wak wak 

(1.13) 
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So s{mh (1.9) va (1.13) ta thgy ntu 

w2 
6=-2-<1 

w •• 
(1.14) 

thi tr~ng thii b m~t c~t bi~u di~n qua nhau 13. gi5ng nhau, nghia 1a mO hlnh lo~ a c6 th~ thay 
b~ng mo hlnh lo{Li h, n6i mc)t cl>.ch khac, ta chia mo hinh lo{Li a ghep vao cac kh/Si hrqng ben C'(tnh, 
cac tham siS m&i dtrgc xac djnh tlr {1.12). 

Thay (1.6) vao {1.7) nhij.n dll'gc 

Trong th'!'t tg, cac h~ siS can thrrimg nhcl va thcla. man 

11-k <wmk 
a Ck 

Pk'<
w 

V&i nhitng gii thigt nay, tll' (1.6) va cilng thrrc tM nhtt Cll.a (1.12) ta c6 

b c· • 
b- .. &.- k-1 ( • . ~-'•) 

mk ~ - c• ca mk - t . -w 
w k-1 + k 

va nhi).n d1l'<;rt 
b Ck-t 

mk = ca + ca . m;:; 
k k-1 

b o;:_l 
~-'• = c• + c• · ~-'~ 

K k-1 

Ttrong t,., tlr cilng th.rc th1i' hai cda {1.12) 

c;:_t 
mb - · mk; 

k+t - c: + c;:_~· 

N go'!il'!'c dU'gc phan thea 

b c;:_l 
Fk+1 = c•+C• 

k k-1 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

Do? crrng cda phlin td- dan h'Oi va h~ siS cin tll'O'Dg Mi dU'gc tinh tlr ditng thrrc th1i' ba cda 
{1.12) 

cb- c;:c;:_1 
•-c·+c• k k-1 

b [ P~ P~-1 ] ·[ c;:c;:_1 ]2 
Pk = (c•)2 + (c• . )2 · c• + c• k k-1 k k-1 . 

(1.20) 

Cac tham sg kheli ill'gng, h~ sg d.n tuy~t ag; ciing nh1r i'!'c ngoai dll'gc gh<p v&i ph~n td- ben 
c~nh. Trll'img hgp mo?t d~u hi ngam (io xo hi gtn ch~t mo?t d~u), ph~n tham siS gitn cho n6 dU'gt 
~~ . 

§2. vt DlJ 

Xet h~ dao d9ng xoitn hai b~c t'!' do, v&i di.c tham sg cho nh1r hlnh 2. 
J1 = 3, 5 Kpcms2 ; J2 = 0, 2 Kpcms2 ; 0 1 = C- 2 = 104 Kpcm 
L'!'C tac d\Lng 

v&i t < 0 

v&i t ~ 0 
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F• = {0 
F2o 

v&i t < 0 

v&i t ~ 0 



Hinh I! 

D~ dang tim du-qc t'an s<l rieng cda h~ 

h = 5, 95Hz; f. c= 50,71 Hz. (w 1 = 37,39 ; w2 = 318, 65} 

Chia kh<li hrqng J2 ra hai ben, thay dili d9 clhlg clia 2 ph'an tli- dan h~i, cac tham s<l nay d11"9'C 
tinh theo (1.17}, {1.18}, {1.19), (1.20} tanh~ duvc h~ m(it b~c t\1" do v6i d.c tham s<l cho theo 
~3. . 

F10 t F,; 

i"""~-.-c~~..--_-_ -~_,o.· ~+Jl 
y' 

. Hinh 9 

Phu-=g trlnh dao d9ng cda mo hlnh hai b~c tv do Ia: 

J1i>1 + Pl('PI- <P2) + C1('P1- 'P2l = F10 

J2.P., + 1-'2P2 + P2P2 +C2¢2- PdP1 -.,P2)- C1('P1 -.<p2) = F2o 

2D, = Pl ; 
..;cl J1' 

flu-a du-gc (2.1} v~ d\mg 

J2 
- =p, J, 

" 2D I 2D I Fw 'P1 + l'Pl +'PI- l'P2- 'P2 = C, 

" ("2D 2 D ) I (1 ' 2) I 2D I Fw I-''P2 + . 1 + p,e 2 'P2 + + p,e 'P2- 1'P1- 'Pl.= C, 

Theo Weigant I5J nghi~m <p1 ( ri) c.l.a (2.2} se Ia 
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a day Ak IlL nghi~m cda ph~rang trlnh d~c >ru-ng 

va 

vai 

A(>.) = (>.2 + 2D1>. + 1){!'>.2 +2(D1 + !'•.1'12 )>. + 1 + 1'•2
} ~ (1 + 2D1>.) 2 = o 

h,(>.) 1 t Ak ho(>.) 1 
4 

B• 
A(>.) = -; . k=l .>.- Ak ; A(>.) = -; . E A- Ak 

h1(>.) = J>A2 + 2(D, +!'"Do)>.+ 1 +1>•2 

h2 (>.) = 1 + 2D1 >. 
Phllang trlnh dao d9ng h~ m9t b¥: t., do tren hlnh 3 l1L 

1(>
11 + 2D'P' + 'P = Fw + F.o 

p=J>;+p', 0=0', J=J1 +J~, 2D= h.-r. r2 = rc; ·t 
vO.J VI 

Nghi~m cda (2.5) se IlL 

F,o +F.' { ( .-v.-. ) • } 
'P(r2 ) = 0 

20 
• 1- ,;

1
_ D•' cos(v1- D2 ro- -y) 

sin-y = D 

Ta so sanh nghi~m (2.3) va (2.6) trong hai tnr<ntg hgp d~c bi~t sau: 
a) Tru-lmg hgp c6 c!.n va khi r-+ co (r1 ,r2 --+ co), ta c6 · 

4 4 
<p,(co) = F,o . L -(Ak) + F2o . L -(Bk) 

1>01 k=l >.k 1'01 k=l >.• 

F1o h,(o) Foo F,o 1 + 1'•2 F2o 1 
= c; · >.(o) + >.(o) = c; · ~'"• + a, · ~>•• 

1 
= O, (2F10 + Foo) 

F,o + F20 1 ( ) <p(co) = 
0 01 

2F,o + Foo 

Hai ke't qua nay triing nhau. 
b) 'Ihrlmg hgp bd qua c!.n (D, = Do = 0) 
Tlr (2.3), (2.4)", (2.5) nhin du-gc 

( ) _ F1o . 1 . ·(1- cos( art) 
'Pl ' 1 - 1'01 {32 - a 2 a 2 (1- a 2 ) . 

+ F2o . 1 . ( 1 :- cos(ar,) 
1'01 /32 - a 2 a 2 

( F10 + F2o ( ) 
<p ··l = c . 1- cos '• 

1- cos(f3r1)) 
p•(l- f32) + 

1 - cos(/3r1)) 

p• 

a day 

a= 

/3= 

13 

(2.4) 

(2.5) 

(2.6} 

(2.7) 

(2.8) 

(2.9) 



Tinh v&i nhii-ng gia tri da cho va l~y cung thiYi di~m T = 12 (chU y ~ = fi. ~ = 1, 42) 

nh~n d~rc;rc 

101(r) = ~: (2, 004- 2 cos(l, 002r) + 0, 004cos(8, 45r)+ 

F,o 
+ c,(O, 98-0, 98cos(l, 002r) + 0, 014cos(8, 45r) 

Fw F2o 
<p(r)=-c (2-2cosr)+-C (1-cosr) 

1 ~ 1 

Hai ke't qui. nay xiip xi nhau. 
V &i nhvng gia trj c!.n kh<tc nhau vln nh~ a>iyc. cac xilp xi t&. 

" A 

§3. KET LU4N 

PhU"O"llg phap tlm tham sll cda h~ dao d9ng rut g9n d~rgc thvc hi~n ttl-ng b~rac tren ccr scl- so 
sanh cac t'in sll rieng cda ttl-ng h~ con (khlli hrgng va h~ sll cli-ng). Ne'u t,P khlli hrqng nao d6 t"an 
slf rieng cda h~ con Ian nUt va lt do cac d~ tnrng d9ng h,rc h9c khOng din quan tam thl lo,P bel 
blng each chia kMi l1rqng sang hai ben va thay dili h~ s5 cli-ng cda ph~ tU, dan hl>i. 

Ke't qua cda nhi'ilu v{ d'! cho thily, n~u 6 trong ding thll-c (1.14) Mng 0,1 thlsai s5 d~r&i 5%. 
Dlfi v&i h~ phan nha.nh, s5 nhanh dtrgc gifr nguyen trong qua tr\nh rut g9n. 

Cong trlnh nay dll"'?"' hoan thanh v&i sv tai trg cda ch~rcrng trlnh nghien cll-u ccr bl.n trong 
rmh vvc khoa h9C tv nhien. 

Dia chi: NM,n ngay t!0/1£/1994 
Hgc Vi~n Kfi th.u4t Quan sv 
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ZUSAMMENFASSUNG 

APPROXIMATE TECHNIQUE FOR DETERMINING PARAMETERS OF 
THE MINIATURE MECHANICAL SYSTEMS 

In der vorliegenden Arbeit wird die Reduktion eines gegebenen diskreten Schwingungsniodells 
behandelt, das sich durch ein lineares inhomogenes Differentialgleichungssystem 2. Ordnung mit 
konstanten Koeflizienten beschreiben !asst. Die Erregungen konnen beliebige deterministische 
Funktionen sein. 
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