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TINH TOAN VO TRU COMPOSITE
LOP LUQON SONG™ -

DAO HUY BicH *, vU KHAC BAY *
PAO VAN DUNG *, TRAN [CH THINH ***, PHAM CHf VINH *

K&t cin dwédi dang vd tru hé bdn kinh R, chi¥u dii L vi 48 diy k bing vit liéu composite
16p, lign két ctrng theo dwing sinh chiu tdc ddng cida cdc tai trong, vé lwgn séng doc theo dwdmg
sinh.

1. Mt vii nét vé Iy thuyét mé dun hiéu qud cda composite 1ép
Composite 1&p bao gom nhigu bé tulin hoin theo toa d$ z3, m3i bé bao gom nhitu 1ép, mdi
16p 13 v4t liéu din hbi cé thé di huéng vd khong thuin nhit. Ly t.huyet mé dun hiéu qui din dén
quan hé #ng suit - bién dang
oiy = hijkecke (r.1)

trong dé

hijke = (Cijhe) + (Ciym3Crmzna)(Criga) ™" {CragaCase) = {CijmaCim3nsCnane)
Fiijke - tenxo mé dun hiu qud, Cijke - ten xo mS dun cda cic thanh phﬁn,
(...) - ddu ngoic chi gid tri trung binh cda dai lwgng tweng dng, (f) = f f(£)de

Né&u 16p 13 trwe hwéng, cic think phin ddc 14p khic khong cia ten xo mé dun hiéu qui cb
dang: .

h1111 = {Ciu1) + 1/013333) (g::::) <g§:1’,:: >’
b = (O + (G - (),
1
hassa m
huvse = (s + [ (G2 Fomo) _ (CusCinsy,
._hnss {1/ Clssaa)<g;z:> r hazss = {1/ 033333) (g§§z> '
5 1 1

h1212.. (01212). h1313

— h =
(1/C115) 2928 = 11/ Caaza)

S& dung Iy thuyet md dun hleu qui vao bii todn dmg suit phing suy rong (tZm ho¥c vé
méng) -

o33 = 0 trén todn 4% diy (hwéng za)
713 = Ogs = 0 trén mit o3 = :!:h/2 -
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ta cé quan hé ¥mg suit bién dang:

h
o1 = (hnn ~ s

h h
T2z = (huzz - M)Eu + (hzzzz -

o132 = 2h1212812.

Duwa vio cic mé dun ky thuit:

2
1133
)511 + (hnzz -

G = hygs,
2
El =h h1133 E;
- =hun—3 ,
1—vmg 3233 11—y

o = hi122hazas — hi1ashazss
g =

H
hi111hasss — h%ms

E]_I/z - Egl/]_.

Céc hé thic trén cé dang:

E,
— bz

(€11 + v2g22), 022 =

o1t = 77—
1-— e 1

2. V4 tru composite
a) Céc hé thire co bin

hi1zahooas )
224
hasaa

haasa ) .
" 232
h3aaas

2
h‘2233
)
h33as
h1122 h‘3333 - lh’l 133h2233

= hgaoa —

]

h2222 h3333 - h5233

(s22 + v1e11), . 012 = 2Ge12. (1.2)

Chon hé truc toa 3. z - theo dudng sinh vé tru, y - hwémg ti€p tuyén véi cung trom, z -
hwéng theo phdp tuyén va ky hidu u, v, w 13 chuyén vi cda mit gifra theo cic hwéng z, y, z twong

’

dng.
Bién dang cia vé dwoc x4c dinh béi:

_ 0 _ 0 .0
€11 = €13 — ZX11y &322 = €99 — FX22, €12 =¢&53 " X1z

trong dé:
du
(1}
€11 = Ec' )
0 dv  w
522 = —é; — E )

4R,

Ung suit dwoc xdc dinh theo (1.2)

_ 8%w
Xll BIZ H
8%y
X2z = R (2.1)
_ B
X12 = 323y i

T =0 g (513 + v223) = 1- 11, (312 Tz Hy? ) !
K Exz  (0%w %w
Ogn = 1w (322 + V].E'Il) 1= 210 (ay2 + 312) ’ . (22)
3 .
Tia = 2GE?2 - 2Gz ;‘.’B;Uy
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Céc thainh phin ndi lyec vi mb men:

E\h du dv vy Esh duv du w
_ Bk qow 00 2L, Ny =T (O, 0% _ )
M 1— i (3.1: +u23y Rw) 2 1— 14 (3y +y131 R)
du Jv
Nyig = Gh( 6:1:) | (2.3)
: - Eh® (i’{{ u a2_w) M ER8 (32w ‘+V Bzw)
My =— 12{1 — vyv2) Tayr ) 2 12(1 — vy} \ 8y2 1 3z2
' Gh® By
Mz = Iy aa:ay (24)

Céc thinh phin ndy thda méin cic phwong trinh:

aN
oM 2 X =0,
Jz dy (25)
dNiz | ON; :
Y =0,
3z | oy

&% M,y 32M,, 8*°M; N,
+ =+ Z= 0 2.6
Jz? + dz8y y? R T (2.6)

vi phwong trinh twong thich

Ny — N, 3% [Nz — 1Ny 82 [Nz 1 8%w
I L[ e L S e
8y? Eh szl E3h . dzdy R 8z
b) Thiét 1ip hé phwong trinh gidi theo #ng sudt
Pwa vao him éng sudt
3250 52@ 3290
N =r2¥ =hZ? - -
P Mgy No=hgz Mo hazay
hé phwong trinh {2.5) thda man dong nhat khi X =Y =0.
Phwong trinh (2.7) dwa ve:
1 3 1 viy e 1 o4 10%w
E, 9z* (6 - E) 322957  Ey 0g* | ROz =0 (28)
Thay (2.4) vio (2.6) din dén:
dtw At 9*w h3%p
Dlar4+2D36 082+D26y —Z—‘R‘WMU (29)
trong dé:
Elha E2h3 Gha
D = ————— = ——— o= =1
! 12(1—V1V2) ’ 2 12(1-!/11/2) ! DS D1V2+2Dk’ Dk 12

) Thiét lip hé phwong trinh gidi theo chuyén vi
Nhe (2.3), (2 4) dwa hé phwong trinh (2.5), (2.6) v& ba phwong trinh d8i véi ba thanh phin

chuyén vi u, v, w:
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B Ou P (B T B u X,
1— vz Oz dy? 1—vin 8zdy R(l—wa)dz  h
32‘0 Eg azﬂ EQVI Bzu Eg Jw Y .
65}"5+ 1— vy dy? (1-—!/11/2 G) dzdy R(l—ww) 8y  h =0,
gty 5ty 3w Exh 1 /6v Su w o
-D —-2D - D o= ——_—=}+Z=0
5z *8s282 By"‘-+ 1-wvvy R (By TMEs R)

(2.10)

Giki cic phrong trinh (2.8), (2.9} (theo ¢ng sudt) hodc (2.10) (theo chuyén vi) chng véi cic

ditu kién bién cho phép nhin dwgc nghiém cda bai todn.
d) Vo hron séng
Né&u vd lwen séng theo chidu truc z ¢ dang hinh sin
2= Hsin 22

¢

thi theo Seydel ta 6 thé dwa vE& vé twong dwong véi cic md dun nhw sau:

D;=—§D1, D, = E,I, D'3=%[1—u1)133, G'=%(1—vl]G‘, vy = vg — Ly
vio_vh o hE? [1 0,81 }
bt S R - .
LR s

trong dé: £ - chu ky hwon séng, H - 49 cao séng, s - chigu dii cung hinh sin

‘
22
s=/\/1+7r£f COSQW—:_dx
_ s

e) Tai trong
T4 trong phén ra hai loai
- tai trong binh thudmg
- tai trong gié '

(2.11)

* TAi trong binh thwdmg tiy theo cidch dit lwc mi phin ra thanh cic thinh phin twong dng.

* TAi trong gié dwoc tinh theo TCVN 2737 - 1995
p=po X kxc

 po - 4p hre gié 1dy theo bdn d5 phin ving
k - hé s8 tinh d&n su thay d8i cda 4p lwe gi6 theo 4§ cao
¢ -~ hé s8 khi déng.

3. Phwong phép giai bai toan
A) Giai theo 1ng suit
Viét lai hai phwong trinh (2.8), (2.9) cho vé lwon séng:

134 1 t 34 4 2
p+( _r_zl) P 1 8% 13w_0,

Bowt \G ‘B ep B oyt T RaE
Hw w 3w h a4
D 2= +2D! ' S S
150 T a t ey 2552 =0
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Chon gdc toa d§ tal diém giita vom va &t L = 2a, 7R = 2b.
a) Trutmg hop vom dwéi dang vé try hai diu tw do, hai canh ddy bi gin céng (nghm chit), ta
c6 cdc digu kién bién sau:
Tai = xa (tw do)
M}.2

Ny =0, N12+"R—=0, My =0, Q+

M2
dy

=0 o (33)

Thay c4c biéu thirc cda ndi lwc vi mé men, cdc didu kién bién niy cé dang
Tai z = *a (tw do)

2 2 i 2
8__-:’ _h6<p+2Dk3wz0,
dy? dzdy = R Ozdy (5.5)
8%w 3%w 3w 2w '
—D’(32+ 232)=°’ —[ '1-—3I3+(D’lv§+4ch)—a$ay2]:0.
Tai y = £& (ngam)
dw

w =10, a—y=0, u=0, v=0. (3.4)
S& dung cic ¢bng thirc {2.3) cdc diéu kién bién ndy cé dang
Tai y = b (ngam)

6
=0, v _ =0, (3.47)

_1 _V2N2 _ [ (L& vy, _
u .[ dz = [(E'By E'aﬂ)d'"” 9,

u_/(}f\; hE‘N1+R) y—f(;,%%";—%@Jr%)dy:o,

b) Trirdmg hop vom duwéi dang vé tru hai d3u twa, hai canh ddy bi gin cing ta ¢é di€u kién bidn
sau:
Tai y = £b vin ¢é diéu kién (3.4) (hodc (3.4)), cdn tai z = =a:

w={}
My =0, Ni=0, Npz2=0 {3.5)
hay 13
w=0, (3.5%)
%w 8w e 3y
- p —_— =
D (32’“’23 2) 39 =% Baay

Biy gitr st dung phuong phip Bubnov-Galerkin dé gidi hé phwong trinh (3.1), (3.2) véi ditu
kign bién (3.3%), (3.4’) ho#c difu kién bién (3.4%), (3.5°) tuy gid thidt vé& gin vom.
Dit

N N '
= Z Z anXm(2)Yaly), ©= Z ZanUm(m)V (v) (3.6)
m=1ln=1 m=1n=1
Chen cée ham X,.(z), Y, (y), m{Z), Va(y) 13 cdc him doc lgp tuyén tinh sao cho thda man
cic digu kign bién.
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Thay vio cic phwong trinh (3.1}, (3.2) ta dwoc:

N N
Z Zan[Er Uy, + (5 —ZE)U“V"+§U v ] + XZ:M;A,M SX'Y, = =0,
(3.7)

3

m=1ln=1

B UV, =W =0, (3.8)
m=1ln=l '

m= .
Nhén phlrorng trmh (3.7) v&i U;V; va phwong trinh (3.8) véi X;Y; roi ldy tich phén trén todn

vit thé ta duwoc
/ [ QU Vidady =

//WXYdma’y 0 (,7=1,2,...N)

—~g-b
Diay 1a hé 2N x N phwong trinh d€ xdc dinh 2N x N hé s8 Apn, Bmn (myn=1,2,...,N)
Viéc chon cdc ham I, V;, X, Y¥; mét mit phdi théa min difu kién bién, m3t khic con phu
thudc vao dang tii trong téc dung 1én vom. Ta xét hai trwémg hop dic trung:

(3.9)

(i) Vém chju tdc dung cta dp lrc déu
Viéc chon dang cia him w vi ¢ ciing chia ra hai trwdmg hop:
* Hai diu twa, canh ddy ngim:

n N 2
z m+3 n nwy

w = z ZA'"'“ (Eé'— 1) (1 +(—1) +1 cos T)

m.N=1 n;l (3_10]
e = Z Z By (1 + {~1)™* cos ﬁ:—z) cos E—?’- '

m=1ln=1

nhw viy ta di chon:
2 me+3
Xom(z) = (—' - 1) , Yaly) =1+ (-1)"T!cos %r_y_

- Valy) = cos k4

Un(z) =14+ (-1t cos m'rr:c} 7

* Hai d3u tv do, canh ddy ngam:

= ZN: f: _{tl,,,,;,,.3£",n,1lf'ﬂ = Z Z A [ (—,_,— - 1) m+3] (1 + (=1)"*! cos %),

=1 n==] =1ln=
ey mE (3.11)
p= E E B UV == E E B nn( —1)"*1 cos m:rra:) cos ni_%r_gi
a
m=]1n=]1 m=1ln=1

(ii) Vom chju tde dung cta gié ngang :
* Hai d3u twa, canh ddy ngam: ta chon cic him w, p dwéi dang

m+3 -1
w= Z ZAmn(—-—l) [1+(—1]”+lcosﬁgy—+sin-(—%f-—-2-a-)w—y+sin g—bg],

m=1n=1] (3.12)

N N
m . {d4n—1)my Ty

=3 E:an[] ~1)mtl ”] nry Un-Yry __).
¢ m=1ln=1 +( ) cos a (COS b +Sl]l 2b In 2b
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* Mai d%u tw do, canh ddy ngim: céc ham nay chon dwoi dang

2

b= 303 i (B ) (e on P i Uy 5]

‘ 2b 2b
m=1ln=
NN Tz nmy {(4n — )7y my
+1 nry | .owan— L7y Ty
o= z:l z:l Bimn [1 +(~1)"* cos — ] [cos y Tsin Sy + sin 2b] (3.13)
m=1ln= . N .

Sau khi x4c dinh w va o 13 nghiém cda bai todn (3.1), (3.2) véi ditu kign bisn (3.3)), (3.4°)
hodc (3.47), (3.5} ta xdc dinh cdc thinh phin ndi lirc va md men
8% g2 8%p

©
— N - N .
M, —3y2 ' 2 “Bz? ' 12 320y (3.14)

3w 82 3%w 32w 3%y
i — = P — _ / .
My =Dy (55 +v 25y 55 M= D2(6y2 +V139:2) » Miz = —2Ds 5
C4c thanh phin dng suit tai t¥ng diém cla vé dwoc tinh theo cong thic (2.2), sau mét vii phép
bién d8i din dén

Ny 12zM No 12z M5 Nio  12z2M1,

o= -—h— R Onnp = —h_ + h—3 y O13, = T + 73 : (3.15)

B) Gidi theo chuyén vi
K¢ higu cdc dai lwong khéng thir nguyén

gl oo d oW gl v
TR PTRY VTR TR VTR
! 1 o G’l ! G'
Al = Ul -+ (1 Vle Ei ) Az = ¥y =+ (1 — Vil E‘}“ y Bl = (1 V1V2)'E—’— y
2 i
o DJ Di El hZ
By = =23 K=22-22 =
2={1 ”1"2)E =50 D, E|’ 12R
Y__X(l— vivh) R? ?_”Y(l——u{u;}ﬂz 7 = Z(1 — vivh)R®
Eih? S ELh? T E3h? ’
Hé phwong trinh (2.10) cho vd Jwgn séng dwa vE dang:
F*u ea] 8%t 00 =
5oz T Maaa, T PgE T2, =
8%y 8%u Pv U =
3—p2+A2—6a6<p+ 255_%—Y, (3.16)
AT 34y otw du v =
-C 2 ) 100 OV o5
(5o * Hoatap THG ) t g, T 5, 9= 7

Diy 13 hé phu’o’ng trinh dao him riéng tuyén tinh khéng thuin nhit, nghiém téng quét cda chung

bing nghiém téng quat cia phuong trinh thuin nhit twong éng cdng véi mét nghidm ridng cla
hé khéng thuin nhit,

D¢ tim nghidm cda hé phwong trinh thulin nhit ta die:

= ngﬁ{a,tp), 7= L2¢(a,§0), W= LS‘t{'(a; ‘P)
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Ly, Ly, Ls va L 1a céc todn t¥ tuyén tinh cin tim va ¢ I3 ham chn tim sao cho L;¢ = 0. Thay
vio hé phwong trinh din dén:

(52 B+ () o= (i) ba =0

(Azaf,; 5ag) 1t (3622 + B 33:2);:2 - (:_p)La' =0,

(v 5‘3;) L+ (%)Lz - [03344 $20H5—— f;(pz + kc% +1]Ls=Ts.

Tir hai phwong trinh diu dwa vE:

3

3 & 5 5°
[0 - vita) 5z + B ;

spal it [ =) 5o - Bt

e

suy ra .
5% J a3 &

— ’ ———— — — oy — —
Ly=(4- Vz}aaaqcﬂ ‘ 32”5305% » ba=(42- 1) da2dp By e’

dem thay vao phwong trinh thi hai tinh dwee

> _ g Ay = ByB 5
Ls"—"-Bzaa 1‘3 +(A1 2—B:B - )W

Thay cac bi€u théc cia Ly, L2, L3, vio phwong trinh thi ba va dit:

_ Bz - 1 ZB2H
Tl-—BK, TZ—BIK(l A1A2+Ble)+BK y
B 2H 1 2H 1
Ts = Bj + B\~ Aide +B1Bo) + 3, Tu= g (1~ Ade + BiB;)
T = E’E 1-vivh T = ViA1+u§A2—A1Ag+BlBg-—Vlug
*“ B KC ' T B KC ’
ta dwoe
~ 88 & 3% 3® a3 at 84
L, = - T T —_— — +Tem— - .
1= 505 T g0 Y B gaisg T Beggiap T Tiges T Bga t gz - (317)
Bay gi¥ gidi phwong trinh _
: L1¢ = 0,
tim him ¢ dwéi dang:
m:rrR
¢ = z Im(@)sin{Ana) véi Am T
- m=1 .
Khi dé ham f,,(y) phai thda min phu'cmg trinh:
d8 d d* o A% fm
di’; —TuMi, dfg‘ + 2% T3~ f — (T2 AL, + TeA2, ) f + (LA, + TeA5) fm = 0. (3.18)

Phwong trinh dc trung cda phwong trinh niy
—TPE S + Tadt bt — (T2AS, + T A2 ) + T08 4+ TeAl =0
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13 phwomg trinh béc 4 d8i v&i k2, 8 nghidém twong dng véi k c6 dang tng quit sau:

o 4ipl) va —alfl —igd), (1=1,2,3,4).

Do viy, fm(#) c6 dang:
fmle) = "
o) {cha( o cos A1 (1) sha(l}psm ﬂmtp) + C(zj(shczmtpcos ﬁu + cha(l)(psmﬂ ©)
+c@ (chaf3 (2 cos ﬁ(Z)pﬁ- she!H psin ﬂtz)ep) +Cli (sha(z)tpcos ﬁ(z)p + cha!? psin g2 ©)
+ 0(5}(cha(3 pcos B3 o+ sha® wsin 89 0) + CI9 (shal®) p cos B2 o + chalP wsin L3 )
+ C(T){cha{‘l (@ cos ,3(4 o+ sha( psin ,@(‘” P} + C’,(,f}(shagi)pcos ﬁi:)go + cha,(,f)gosi_n ﬂﬁ,:‘](p)

chita 8 hing 8 tuy ¥ ct) (i=1,2,...,8). -
Nghiém téng quat cda hé phu'crng trmh thuin nhit (3.16) dwoc xdc dinh bdi

7 = L[4, 70 =L, w% =L (3.19)

Biy gi¥ xéc dinh nghiém riéng €7, v°, . Mudn viy khai trién céc him X, Y, Z trong (3.16)
thanh chudi Fourier.

X=X+ Z Xmo cosmp + ZXgncosA @+ Z ZancosmfpcosA o,

n=1 m=1n=1
z Z Youn sin me sin A, o,
m=1n=1
Z= Z Zop Sin Apc + Z Z Zonn €OS e sin Ay,
n=1 m=1ln=1
trong dé:
R L/R T R L/R T
Xoo=— [ f-fdipda, Xoo= Leia f ffcos mpdpda,
xL xL
) 0 o
R r L/R R L/R
2 _— 4 —_—
Xon = 3 f de f Xcoshada, Xmn = 7L f [Xcos mip cos A adadp,
0 0 9 0
LIR = L/R
4R = . . 2R = -
Yon = — Y sin mgsin A,adady, Zy,=-— [ de Zsin ), ada,
wL L
0 0 0 0
L/R &
4R - "
Zyn = I Z cos ripsin A, adade (myn=1,2,...).
0 0

Tim nghiém riéng dwéi dang:

—AOO-l—ZA Ocosmtp-}-ZAOncos)\ a+ZZA  COS Mp €08 Apax,

m=1ln=1
}: Zan sin 7ug sin Ap o, (3.20)
m=1n=1
= Z Cipsindpa + Z Z C.., cosmpsin A,
n=1 m=1n=1
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Thay cic bifu thic cla X, Y, Z v3 ©*, 7%, @* vio hé phwong trinh (3.16) din dén cic phuong
trinh d€ x4c dinh cic hd 58 cin tim Ajy, AL, Adns Arans Bony Cons O tie 1a tim dwge nghidm
riéng. Khi d6 nghi¢m cda bai toén s& la:

T=ILp+u*, T=1Lp+7*, T=Ld+o"* (3.21)

trong cac nghiém niy chia c¢dc hé s8 chwa xic dinh cld {#=1,2,...,8), céc hé s8 ndy x4c dinh
bing cich thda min didu kién bién. Ching han, vd dwoc gin cing (nghm) doc theo dwdng sinh
pw=0vip=m"w

.

T=0, ——=0, ©=0, 7=0.

dp

Ta cé &4 hé thire a8 xdc dinh 8 dai lwemg CJ (i =1,2,...,8).
Cic tic gia 43 xiy dung dwoc bd chwong trinh tinh todn vé tru composite 1&p luon séng trén

PC bing ngén ngit PASCAL theo hai phwong phdp néu trén.

K&t luan _

b3 thiét 1ap hé kin cic phwong trinh gidi theo chuyén vi v theo émg suit cda bii todn vé
tru composite 16p lron séng vi néu ra cic phwong phép nira gidi tich dé tim nghiém cda bai todn
trén.

D% ding tinh todn bing 8 cho cic k& cdu v4 cu thd véi t4i trong vi didu kién bién theo yéu

. :

chu.

Céag trinh nay dwoc thwe hién véi sy tai tro cia Chwong trinh nghién ctu Ce ban Nhi nuwée
trong Khoa hoc ty nhién .

Dia chi: . Nhin ngay 2/8/1997

* PH Qudc gia Hé Nav, .

** DH Lim nghiép, *#* D H Bdch khoa Hé Né1
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SUMMARY

CALCULATION OF THE GOFFERED
MULTILAYERED COMPOSITE CYLINDRICAL SHELLS

By using the effective modulus theory and Seydel assumptions the governing equations of the
goffered multilayered composite cylindrical shell are formulated. Solution to the problem in term
of displacements is given by the operator method, while the solution in term of stress function
and deflection is obtained by Bubnov-Galerkin method in choosing appropriate forms of these
quantities.
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