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TINH TOAN VO TRlJ COMPOSITE 

LOP LUQ'N SONG 

DAO HUY BfCH *, vu KHAC BAy ** 

DAO VAN DUNG', TRAN fcH TH)NH ***, PH~M CHi ViNH * 

Ke't cau dtr&i d~ng vO trlJ. h& ban kfnh R, chmu dai L va. di? d.l.y h hang v~t li~u composite 
l&p, lien ke't cli-ng theo duCmg sinh ch~u tic d<}ng cUa c.ic tAi trqng, vd hrqn sOng dye thea dtrCmg 

sinh. 

1. M{>t vai net ve ly thuyilt mo dun hi~u qua ella composite l&p 
Composite l&p baa g'Om nhieu b6 tu'an hoin thea t9a d9 x3 , m6i b6 baa g'Om nhi'eu l&p, mdi 

lOp 13. v~t li~u dan h'oi c6 th~ di hu&ng va kh6ng thu'an nha:t. Ly thuygt m6 dun hi~u quit dlin dgn 
quan h~ Ung suit - bie'n d~ng 

trong d6 

hiikl - tenxcr m6 dun hi~u quA, Cijkl.. - ten XO' m6 dun cUa c.ic th~mh ph'an, 
1 

( ... ) - d~u ngo~c chi gia tri trung blnh cda d~i hrgng tmmg rrng, (!) = f J(e)dE. 
0 

(1.1) 

Ni!u l&p Ia tn;-c htr&ng, d.c th1mh ph'S.n d\>c l~p khac khong d.a ten XCf mo dun hi~u quit c6 
d~ng: 

( ) 1 (cn33)
2 

(Cfr33) 
hnu = Gun + (1/Cs333) C3333 - C3333 ' 

_ 1 ( c2233 ) 2 ( c~233 ) 
h2222 - (C2222 ) + (1/03333) C3333 - Cs333 ' 

1 
h3333 = (1/03333) ' 

h _ (C )+ 1 (Cn33)(c2233) (Cu33C2233) 
1122 - 1122 ( I ) -- -- -

1 C3333 C3333 C3333 C3333 ' 

h _ 1 (cll33) h 1 (c2233) 
ns

3
- (1/Ca333) C3333 ' 2233 

= (1/03333) C3333 ' 
1 

h1212 = (Cr212), ht313 = (1/
01313

) , h - 1 2323
- (1/02323) 

Sd- d\lng ly thuyi!t mil dun hi~u qui vao bai toan rrng su~t ph!ng suy ri)ng (t~m ho~c v6 
m6ng) 

u33 = 0 tren toan d\> day (h1r&ng x3) 

<Yt3 = u23 = 0 tren m~t x3 = ±h/2 
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ta cO quan h~ li-ng su5:t bie'n d~ng: 

( hf 133) (h hl133 h2233) au = huu - -h-- eu + 1122- h Czz, 
3333 3333 

( 
hll33 h2233) ( h2233) O'zz = hu22 - h eu + hz222 - -h.-- Czz, 

3333 ----- 3333 

Du-a vito cac m8 dun ky thu~t: 

Cac h~ thU:c tren c6 d~ng: 

2. Vd trg composite 
a) Cac h~ thtrc cO' ban 

0'22 = (1.2) 

Chsm h~ trvc tqa d<?: x - thea dU"Ctng sinh v6 trl}., y - hrr6ng tigp tuye'n v&i cung trOn, z -
hU"&ng thea phci.p tuye'n va ky hi~u u, v, w Ia chuy~n vj cda m~t gifra thea cic hrr&ng x, y, z trrang 
ll-ng. 

Bign d~ng cda v6 du-qc xac djnh b&i: 

trong d6: 

au 
e~l = ax ' 

0 8v w 
'22 = ay- R, 

0 1 (au av) 
' 12 = 2 ay + ax , 

Ung sua:t au-qc xac ainh theo (1.2) 
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a2 w 
Xu= -a o , x-

a2w 
X22 = ay2 , 

a2w 
X12= -- · axay 

(2.1) 

(2.2) 



Ccic thlnh phln n9i lr,rc va mO men: 

E 1h (au av v2 ) N1 = - + v2-- -w , 
1- v1v2 ax ay R 

N2 = E2h ( av + ,
1 

au _ ::".)' 
1- v 1v2 ay ax R 

(au av) 
Nr2 = Gh ay + ax ' 

Gh3 a2 w 
M12=--- -- · 

6 axay 

Cac thanh phlin nay th6a man cic phtrcmg trlnh: · 

a2 M1 a2M12 a2M2 N2 z _ 
0 ax2+ 2 axay+ay2 +R+-

va phu-ang trlnh tlrcmg thfch 

b) Thie't l%p h~ phmmg trinh gilti theo lhlg suat 
Drra vao ham Ung su5:t 

h~ phrrang trlnh (2.5) th6a man dllng nhat khi X= Y = 0. 
Phrrcmg trlnh (2.7) drra v~: 

Thay (2.4) vao (2.6) dh de'n: 

trong d6: 

D _ E2h3 

2
- 12(1- v1 v2 ) ' 

c) Thie"t l%p h~ phuang trinh giai theo chuyt!n vi 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.8) 

(2.9) 

Nha (2.3), (2.4) drra h~ phrrang trlnh (2.5), (2.6) v~ ba phmmg trinh d5i v&i ba thanh ph lin 
chuygn vi u, v, w: 
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E 1 82u 82u ( E 1v2 a) 82v E 1v2 aw X +a-+ + --- + - - 0 
1- Vr'-'2 ax2 8y2 1- '-'1'-'2 axay R(1- '-'1'-'2) ax h - ' 

8 2 v E2 82 v ( E2'-'1 a) 82 u E2 aw Y a-+ + + --- +- = o, 
ax2 1- '-'1'-'2 8y2 1- '-'1'-'2 axay R(1- '-'1'-'2) ay h 

(2.10) 

a•w a•w a4 w E2 h 1 (av au w) · 
- Dr-- - 2Do D2- + · - - + v1- - - + Z = 0. 

ax• ax2ay2 ay4 1-- '-'1'-'2 R ay ax R 

Gilri cac phmmg trlnh (2.8), (2.9) (theo trng suii:t) ho~c (2.10) (theo chuygn vj) clmg v&i cac 
di~u ki~n bien cho phep nh~ dm;rc nghi~m cda bai toan. 

d) Vd llY<{'Il song 
Ne'u vO hr9'J1 sOng theo chieu trvc x c6 d~ng hinh sin 

H 
• 'if'X 

z = s1n7 

thi theo Seydel ta c6 thg dU'a v~ vo tll'O'llg dU'ang v&i cac mo dun nhU' sau: 

D~ = E2I, lY, = ~(1-v1)D3 , a'= ~(1- vr)a, 

vf = ~~~ I= hH
2 

[ 1 _ 0, 81 ] 

D'1 D~ , 2 1+ 2, 5 (~)' 

trong d6: !. - chu kY hrqn s6ng, H - d9 cao sOng, s - chieu da.i cung hlnh sin 

e 

J v ,2 H2 1rx 
s= 1+--cos2 -dx 

£2 l 
0 

e) Tai tr<;mg 
Tlri tr9ng phan ra hai lo~i 

- tlri tr9ng binh thulrng 
- tai tr9ng gi6 

(2.11) 

* Tlri tr9ng blnh thll'lrng tuy theo each d~t lvc rna phan ra thimh cac thanh phlin tu:ang trng. 
* Tlri tr9ng gi6 dm;c tlnh theo TCVN 2737- 1995 

p=p0 xkxc 

Po - ap i1,l'C gi6 ilLy theo ban dlJ phan vimg 
k - h~ s<1 tlnh de'n sv thay dBi cda ap lvc gi6 theo d9 cao 
c - h~ s<1 khl d\>ng. 

3. Phrrang phap gioli bai toan 
A} G iili theo ling su.i t 

Vie't I~ hai phU'cmg trlnh (2.8), (2.9) cho v6 lu:'?'n s6ng: 
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(3.1) 

(3.2) 
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{. 
~' 



Chqn gbc t9a d9 t~i di~m gifra vOm va d~t L = 2a 1 1f' R = 2b. 
a) Tru·irng hw vom drr&i d~ng vi> tr\l hai dliu tv do, hai c~nh day hi gin cung (ngam ch~t), ta 
c6 d.c di'eu ki~n bien sau: 

T~i x =±a (t\1' do) 

N1 =0, 
M12 

N, 2 + R = 0, M1 = o, 

Thay cic bi~u thtl-c crl.a n9i ll!c va mO men, d.c di~u ki~n bien nay c6 d<l-ng 
T~i x =±a (t\1' do) 

iJ2<p 2D' iJ2w -h--+ _k __ -0 
ilxay_ R iJxiJy - ' 

[D' iJ3w ( ' ' ') iJ3w ] 
- 1 iJx3 + D1 vz + 4Dk iJxiJy2 = 0. 

T~i y = ±b (ngam) 

w=O, 
aw 
iJy = o, u = o, v = 0. 

Str d-g.ng d.c cOng thtl-c (2.3) d.c dieu ki~n bien nay c6 d<l-ng 
T~i y = ±b (ngam) 

w =0, aw =0 
ay , 

(3.3) 

(3.31
) 

(3.4) 

(3.4') 

b) Tru-Ong hgp vOm dtr&i d~ng v6 trv hai d'au tl!a 1 hai c<l-nh d<i.y b! g£n ctfng ta c6 di'eu ki~n bien 
sau: 

T~i y = ±b van co dih ki~n (3.4) (ho~c (3.4')), con t~i X= ±a: 

w=O 

M 1 = 0, N, = O, N12 = 0 (3.5) 

hay la 
w=O, (3.5') 

Bay gii:r str d\lng phmmg phip Bubnov-Galerkin dg gi!Li h~ phrr011g trlnh (3.1), (3.2) v&i dih 
ki~n bien (3.3'), (3.4') hoi/.c dih ki~n bien (3.4'), (3.5') tuy gii thigt v~ g1n vom. 

Dii-t 
N N N N 

W = L L A.;.nXm(x)Yn(Y), <p = L I: BmnUm(x)Vn(Y) (3.6) 
m=ln=l m=ln=l 

Ch9n cac ham Xm(x), Yn(Y), Um(x), Vn(Y) la cac ham d(ic l~p tuygn tinh sao cho thda man 
d.c di'eu ki~n bien. 
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Thay v1w cac phl!O'Ilg trlnh (3.1), (3.2) ta dU"gc: 

Nhan phuang trlnh (3. 7) vai U;V; vi ph ~rang trlnh (3.8) v&i X; Y,· rlli lily tfch phan tren toin 
v%t th~ ta dU"gc 

a b I I if!U; V;dxdy = 0 

-a -b 

a b I I WX;Y;dxdy=O (i,j= 1,2, ... N) 
-a-b 

(3.9) 

Day Ia h~ 2N x N phtrang trlnh d~ xic djnh 2N x N h~ s5 A~"' Bmn (m, n = 1, 2, ... , N) 
Vi~c chgn cic h3.m U.~, V,·, Xi, ~- m?t m~t phai thOa man di'eu ki~n bien, m~t kh<i.c cOn phv 

thu\ic vao d~ng tai trQng tic dvng len vom. Ta xet hai tmimg hgp d~c tru"Ilg: 

(i) V Om ch!u t8.c d-._mg cUa O.p htc deu 
Vi~c chsm d~ng ella. h3.m w va p ciing chia ra hai tru·Cmg hqp: 
* Hai d'au t1fa, c~nh diy ng3.m: 

n N 2 

w= L L:A, •• (:2 -1r+3(1+(-l)"+lcosn;y) 
m=l n=l 

N N 

<p = L L Bmn ( 1 + (-1)"'+1 cos m;x) cos n:y 
m=l n=l 

nhtr v~y ta da chQn: 

(
x2 ) m+3 

Xm(x) = --1 
a2 ' 

Um(x) = 1 + (-l)m+l cos m?l"X' 
a 

* Hai d'au tv do, c<:~-nh day ng3.m: 

1 ntry 
Yn(Y) = 1+ (-1)"+ cos-b-

n?l"y 
Vn(Y) =cos -b-· 

N N . N N 

w = L L AmnXmYn = L L Amn[l+ c: -1r+
3](1+ HJ"+lcos 7), 

m=ln=l m=!n=l 

N N N N 

'P = L L BmnUmVn = L L Bmn( 1 + (-1)'"+ 1 cos m:x) cos n:y 
Tn=l n=l m=! n=l 

{ii) VOm chJu t8.c dyng cda gi6 ngang 

* Hai d'a.u tlfa, c~nh diy ng3.m: ta chgn cic ham w, cp dl.l'&i d'l-ng 

N N 2 

w = L LAmnC
2 

-l)m+3[1+ (-1)"+1cos n1l"y +sin (4n-b
1

)11"Y +sin "Y], 
m=ln=l a b 2 2b 

N N 
" " [ ( m+I m?l"x] ( n?l"y . (4n- 1)11"y . ?l"Y) cp= L- L.-Bmn 1+ -1} cos-- cos--+sm +sm-
m=ln=l a b 2b 2b 
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(3.11) 

(3.12) 



* Hai d'au tv- do, C<;Ulh d<i.y ngim: cac him niy ch9n drr&i dg.ng 

N N (x2 )m+3] [ n1ry (4n- l)1ry 1ryl 
w= 2:: LAmn[l+ aZ -1 1+(-lt+'cos-b-+sin Zb +sin2b, 

rn=l n=l 

N N [ m7rx] [ mry . (4n- l)1ry "Y] 
<p = 2:: L Bmn 1 + (-l)m+l cos -a- cos -b- + sm 

2
b +sin Zb · (3.13) 

m=ln=l 

Sau khi xac djnh w va <p Ia nghi~m ch bai toan (3.1), (3.2) v&i di'eu ki~n bien (3.3'), (3.4') 
ho\(c (3.4'), (3.5') ta xac djnh cac th3.nh phlJ.n nl)i l\fC Va mo men 

(3.14) 

(
a2w iJ

2w) (a
2w a

2w) iJ
2w 

M1 = -D~ axz + v~ iJyZ , Mz = -D~ ayz + v~ iJxZ , M12 = -2D~ iJxiJy · 

Cac thanh phlin rrng su~t t~i tirng dii!m ella v6 drrgc tfnh thea cong thrrc (2.2), sau m<jt viti phep 
bie'n d5i dAn de'n 

N, 12zM, 
O'n=h+~, 

Nz 12zM2 
O'zz=h+~ 

B) Giai theo chuy<!n vi 
Ky hi~u cac d~i lrrqng kh&ng thrr nguyen 

<p=JL, 
R 

D' 
H - 3 

- D'' 
1 

- w w=
h' 

H~ phmmg trinh (2.10) cho v6 lrro;m song drra v~ d~ng: 

N12 lZzM1z 
0'1z,= h + h3 

- v v=
h' 

(3.15) 

(3.16) 

D3.y la h~ phll'ong trlnh dg.o ham rieng tuygn t:inh khOng thu'an nhS:t, nghi~m tgng quat ella chU.ng 
bang nghi~m t5ng qu3.t crl.a phrrong trinh thuin nhS:t trrong ti'ng c9ng v&i m{)t nghi~m rieng crl.a 
h~ khong thu'lin nhiit. 

Di! tim nghi~m cda h~ phtrcmg tr\nh thulin nhat ta d~t: 
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£ 1 , £ 2 , £ 3 va. £1 1.1. c3.c toin td- tuygn tlnh c'an tim va. ¢ llt hltm cln tim sao cho £1 <P = 0. Thay 
vao h~ phlrang trlnh dil:n de'n: 

Tir hai ph1rang trlnh dllu d1r~ v~: 

suy ra 
as as 

L, =(A,- v~) 8cr.8p2 ~ B2v~ a as ' 
as as 

L2 = (v' A2 -1)--- B1 -
2 aa2 8<p 8<p3 ' 

dem thay vao phuang trlnh thll- hai tinh dJrqe 

Thay eae bi~u thll-e ella L, L2, Ls, vao phmrng trlnh thll- ba va d~t: 

1: = v~ A1 + v~A2 - A1A2 + B1B2 - v~ v~ 
G· B,KC 

ta d1rqe 

Bay gier giii phuang trlnh 

tim ham </> du&i d~ng: 

</> = L fm(;?) sin(>.mcr.) 
rn=l 

Khi d6 ham fm('P) ph!.i th6a man phlrang trlnh: 

Phuang trinh d~e tmng ella ph1rang trinh nay 
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v6i ), = m1rR . 
m L 

(3.17) 

(3.18) 

I 
l 
t 
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1a phrrO'Ilg trlnh b~ 4 d5i v&i k2 , 8 nghi~m tlrong Ung v6i k c6 d{tng t5ng quit sau: 

ai,;,l +if3)tl va -a~) -ij3)tl, (j= 1,2,3,4). 

Do v~y, fm('P) c6 d~ng: 

fm('P) = 
c),;) ( cha),;l 'P cosj3),;l 'P + shai,;l >p sin j3),;l >p) + cf;l (sha),;l >p cos j3),;l 'P + cha),;l 'P sin j3),;l 'P) 

+ c);l (chaf;l>pcos pf;l 'P + shai;l>psin pf::l'P) + c!,;l (sha~l'P cos p);l 'P+ ch~f;l >psin pf;l 'P) 

+ c);l (cha);l 'P cos p);l 'P + shal,;l'P sin p);l'P) + cf!l (shal,;l 'P cos j3);l 'P + cha);l 'P sin p);l'P) 

+ c;,;l ( cha!,;l 'P cos p!,;l 'P + sha!,;l 'P sin p),;J 'P) + c~) (sha~) 'P cos j3),;l 'P + cha!,;l 'P sin p),;l 'P) 

h ' 8h. Kt' 'C(')('-12 8) c rra angso uyy m ~- , , ... , · 

Nghiem t5ng quat cda h~ phucrng tr\nh thu'an nMt (3.16) drrqc xac djnh b&i 

v;IO) = £,¢,, ii'(o) = £2 ¢, iii(o) = £ 3¢. (3.19) 

Biy giCr xic d!nh nghi~m rieng U\ V*, ill*. Mu8n v~y khai tri~n cac h3.m X, Y, Z trong (3.16) 
th3.nh chu~i Fourier. 

X= Xoo + I: Xmo cosmr.p +I: Xon cos Ana+ L E Xmncosmr.pcosAna, 
m=l n=l m=l n=l 

Y= ~ ~Ymnsinm!psinAna, 
m=ln=l 

Z = 2: Zon sin An a + 2: L Zmn cos m!p sin An a, 
n=l 

trong do: 

L(R " 

Xoo = :!'r, I I Xd>pda, 
0 0 

n L(R 

m=ln=l 

2RI I-X on = 7r L d>p X cos An ada, 
0 0 

L(R " 

Y. 4RIIy· . mn = '1r L sm mr.p sm Anada:dr.p, 

0 0 

L(R " 

4R I 1-Zmn = 7r L Z cos mp sin An adadr.p 
0 0 

Tim nghi~m rieng dtr&i d~ng: 

L(R n 

2R I 1-Xmo = 1r L X cos mr.pdrpda, 

0 0 

L/R "' 

4R I 1-Xmn = 1r L X cos mr.p cos Aner:da:drp, 

0 0 

n L(R 

Zon = !~I d>p I Z sin An ada, 
0 0 

(m,n= 1,2, ... ). 

u* = A~o + L A:Uo cos mcp + ~ A~n cos Ana+ 2:: ~ A:Un cos mcp cos Ana, 
m=l n=l m=l n=l 

V,., = L LB~nsinmr.psinAna1 
m=l n=l 

w * = L c~n sin An 0! + L L c:nn cos mr.p sin An 0!. 

n=l m=ln=l 
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Thay cic bi~u thU:-c cda X, Y, Z vi U*, V*, W* vio h~ phllO'llg trlnh (3.16) din dgn cic phtrang 
trlnh d~ xic d!nh cac h~ sO c~n tlm A~0 , A:n0 , A~n' A:nn, B:nn, C~n' C:Un hl-c li tim dm;rc nghi~m 
rieng. Khi d6 nghi~m d.a bai toan se Ia: 

u=L,,P+u', v=L2</J+v', w=L3</J+w' {3.21) 

trong cac nghi~m nAy ChU:a c3.c h~ s5 chU'a xic d!nh C~} (i = 1, 2, ... , 8), cic h~ sO niy xic d!nh 
bl.ng cclch thda m[n di~u ki~n bien. Ching h~n, vO dU'f!C g1n c-6.-ng (ngim) d9c theo dU'Cmg sinh 
'P = 0 va 'P =,. 

W=O, 
aw 
acp = o, u= o, v=O. 

Ta c6 dll. h~ thrrc d~ xac djnh 8 d~i hro;rng c!/.l (i = 1, 2, ... , 8). 
Cac tac gil. da xay do;rng d11"9'c b9 ch1rcmg trlnh. tinh toan vo trv composite l&p hro;rn song tren 

PC bAng ngon ngii PASCAL thea haLphmmg phap neu tren. 

Klft lu~n 
Da thie't l%p h~ kill cac ph11cmg trlnh giii thea chuy~n vi va thea rrng su~t cda b1ti toan vb 

trv composite 16-p hrgn song va neu ra cac phmmg phap mh gill tich dg tlm nghi~m cda bai toan 
tren. 

D~ d3.ng tlnh toan b~ng sb cho cic k~t cau vO c~ th~ v6i tiU tr(;mg va di~u ki~n bien theo yeu 
~ cau. 

Cong trlnh nay duyc thvc hi~n v&i sv tai trg d.a Ch11<mg trlnh nghien crru Cct ban Nha mr&c 
trong Khoa hgc tv nhien 
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SUMMARY 

CALCULATION OF THE GOFFERED 
MULTILAYERED COMPOSITE CYLINDRICAL SHELLS 

By using the effective modulus theory and Seydel assumptions the governing equations of the 
goffered multilayered composite cylindrical shell are formulated. Solution to the problem 1n term 
of displacements is given by the operator method, while the solution in tenn of stress function 
and deflection is obtained by Bubnov-Galerkin method in choosing appropriate forms of these 
quantities. 
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