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ABSTRACT. In the paper the method for constructing programmed motion is repre
sented. The requirements for the programmed motion are treated as ideal constraints in 
analytical mechanics. The programmed motions expressed in lagrange coordinates and in 
quasi coordinates are investigated. 

By applying the form of equations of motion of a constrained mechanical system (7], 
a schema for calculating programmed motions has been established. By this schema the 
errors of realizing programmed motions have been reduced and controlled. 

For illustration of the method some examples have been investigated. 

§1. Introduction 

In the theory of controlled motion, there exist some requirements, that restrict 
the motion of the system under consideration. 

In other words, the process occurring in this system must satisfy some pre~ 
set requirements. The conditions, that a process with specified properties the 
system must realize, are called the programmed and the motion of the system 
corresponding to this process is named the programmed motion. 

The problem of programmed motion has been investigated by many authors 
[2, 8, 9 ... ]. 

In [4, 5] for constructing programmed motion the author•has used the principle 
of compatibility, which gives an unique point of view for investigating this problem. 
By this it is possible not only to calculate the needful controlling forces for realizing 
the given programmed motion, but to find out their construction- this fact serves 
for qualitative investigations of dynamical processes, for example, stable or optimal J 
investigations, etc, ... 

However, in the mentioned method it can meet errors in realizing programmed 
motions caused by calculating for example, the inverse of the matrix of inertia. 
This results the deviation from the required programme and sequently the pro-

46 



gramme is violated. 

In this work a method, that allows to overcome these difficulties, is represent-

ed. 

§2. Con,struction of a programmed motion given in 

Lagrangian coordinates 

Let us consider a holonomic mechanical system. Denote the generalized co
ordinates by qi (i = 1, n) and the generalized forces corresponding to them by 
Qi(t, qj, <if)· Then x 1 matrix of generalized forces is designated by Q. Kinetic 
energy of the system is of the form 

T 1.TA. = -q q 
2 

(2.1) 

where A is a quadratic symmetric and inversible matrix of order n. The elements 
of this matrix depend on generalized coordinates, but q - the ( n X 1) matrix 
of generalized velocities. The letter T located on the right corner designated a 
transposed matrix. 

In brief, a mechanical system with the kinetic energy T and the generalized 
forces matrix Q is called the nature system. 

As known [3], the motion of a nature system is described by equations 

Aq- G = Q (2.2) 

where G is an (n x 1) matrix, the elements of which are only drawn from the 
matrix of inertia. 

The problem of constructing the programmed motion is stated as follows: 

Design a mechanical system in such a way so that the programmed motion of 
the form 

Y!l(t, q, q) = 0 ,8 = 1,8 (2.3) 

is one of the possible motions of this system. In other words, the trajectories of the 
designed system must locate on the manifold (2.3). We assume that the equations 
(2.3) are compatible and independent in a certain given domain !1 of the phase 
space for all t 2 to. 

It is clear, that the subject of the present consideration associated with the 
problem of synthesis of a system performing a prescribed motion. 
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The programme is called to be complete when 8 = n and uncomplete when 
s < n. 

First, we shall consider the case of performing the programmed motion {2.3} 
with the help ofadditional--controlling feTees, Sueha system is named a open one. 

Equations of motion of the system realizing the programme {2.3) can be writ
ten as follows: 

Aq-G=Q+u {2.4} 

where u is the (n x 1) matrix of the controlling forces required. 

Of course, the motion of the nature system (2.2} are not in general, identical 
with the programme {2.3). The problem is stated now as follows: 

Find the controlling forces u so that the system {2.4} realizes the programmed 
motion (2.3). 

Here we shall confine overselves to a consideration of the case of incomplete 
programme, i.e., 8 < n. In the case there is no restrictions putting on the con
trolling forces it is possible to treat {2.3} as the equations of ideal constraints 
in analytical mechanics, but the controlling forces - the reaction forces of these 
constraints. This is quite agreable with the postulate of constraints in analytical 
mechanics: "It is possible to regard a constrained system as a free one (a freed 
system) if the constraints should be substituted by their reaction forces". For 
raison of compatibility, the initial conditions must satisfy the programme, i.e. 

g,e(to, q(to), q)(to)) = 0. (2.5) 

We also assume that all functions that are encountered in this work are con
tinuous together with their derivatives in the considered domain !1, where the rank 
of Jacobi JT'_::.trix 

11~~11 (2.6) 

is equal to 8 for all t 2 t 0 and q, q 3 !1. In addition we suppose that algebraic 
equations are compatible and differential equations satisfy conditions of existence 
and uniqueness of solution. 

Because the programme {2.3) is treated as a set of ideal constraints and u is 
the reaction forces matrix we have then [3, 6, 7] 

Du=O (2.7) 

where D is an {n- s) X n matrix the elements of this matrix are coefficients in 
the expression of accelerations written in terms of independent accelerations. 
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From (2.4) and (2.7) we draw: 

D* ii. = Q* (2.8) 

where the matrices D* and Q' are of the form 

D' =DA, (2.9) 

Q* =DG+DQ. (2.10) 

The matrix D' has (n- s) X n dimension, but Q' - the (n x 1) dimension. 

In such a way we obtain n equations (2.8) and (2.3), which describe the motion 
of the designed system. 

It is noticed that equations (2.8) and (2.3) are of a set of algebraic- differential 
equations. Let 

q = q(t), q = q(t), ii. = ii.(t) (2.11) 

be the solution of the equations (2.8) (2.3) with the initial conditions, which satisfy 
(2.5) 

The controlling forces then are calculated by (2.4), that are 

u(t) = A(q(t))ii.- Q(t,q(t),q(t))- G(t,q(t),q(t)). (2.12) 

By of acting of these additional forces the system will realize the programme (2.3). 

Differing from the method represented in [4, 5] in the above given algorithm 
it is unnecessary to calculate the inverse of the matrix of inertia. This reduces 
calculating errors of realizing the programmed motion. 

It is important that the equations of required programme are directly included 
in a closed set of equations described the motion of the system under considera
tion. Therefore, the errors of the required programme just are ones of computed 
algorithm. This allows to control the deviation of the programme in the process 
of realizing it. 

Example 2.1. Let us consider the motion of a particle of mass m in Newtonian 
field of attraction force [2, 5]. 

Determine the controlling forces so that the module of the velocity vector of 
the particle is constant. Let us choose the generalized coordinates to be spherical 
coordinates {), cp, r. 
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The cartesian coordinates of the particle are of the form x = r cos 0 cos <p, 

y = r cos 0 sin <p, z = r sin 0. It is easy to calculate the module of the velocity 
vector of the particle: 

(2.13) 

Kinetic energy of the particle is now 

(2.14) 

The (3 X 3) matrix of inertia has the form 

(2.15) 

but the potential function will be 

(2.16) 

where: JL = 1M, but 1 is the gravitation constant, M-the mass of gravitational 
centre. The 3 X 1 matrix Q takes the form 

(2.17) 

The condition of constant module of velocity vector of the particle complies the 
programmed constraint of the form 

(2.18) 

which is treated as an ideal constraint. The (2 X 3) matrix Din the formula (2.7) 
has the form 

D =II~ ~ 
The (3 X 1) matrix G will be now 

-m(2r0r + r 2 cos 0 sin O<P 2 ) 

G = -2m(rcos2 Or<P + r2 cos OsinOO<P) 
m(r cos2 O<P 2 + r02

) 
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In accordance with the formulas (2.9) and (2.10) the (2 X 3) matrix D* and 
the (2 x 1) matrix Q* take the forms respectively 

(2.21) 

-m(2rrli + r 2 cos 0 sin O(b 2
) - r 2m [ (r cos 2 8(b2 + r02

) - ~] ~ 
-2m(r cos 2 lh'<,O + r 2 ws 0 sin 00<,0) - mr2 cos 2 0 [ (r cos 2 0<,0 2 + r0 2

) - ~ ]~ 
. (2.22) 

Q*= 

Equations (2.8) and (2.3) described the motion of the system under consideration 
t.ake the form now 

rrO- rlir = -(2r2 li + rcosOsinOr¢2
)- [r 2 (cos 2 0<,0 2 + 02

)- w]O 
rr cos2 Ocp - r cos 2 O(bi' = -2(cos2 Or2\b + r cos 0 sin OO<,Or) 

- [r2 cos 2 O(cos2 O(b 2 + 02
)- w] <,0, 

riP + r 2 cos2 O(b 2 + r2 
- c = o. 

In [2] this problem has been investigated by means of the Lagrange's equations 
with multipliers. It is easy to see that by eliminating multipliers we will obtain 
the above established equations. 

Let the solution of these equations with the given conditions be of the form 

0 = O(t, C), <p = cp(t, C), r = r(t, C) 

and substituting them into (2.12) we get the required controlling forces, that are 

ue = ue(t, C), u'P = u'P(t, C), ur = ur(t, C). 

The programmed motion (2.18) can be realized, of course, by one controlling 
parameter C. 

§3. Construction of a programmed motion given in quasi 
coordinates 

First, it is noticed that the Appell's equations written in the Lagrange's coor
dinates take the same form as (2.2). In other words, the Gauss' function is written 
as follows: [5] 

(3.1) 
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where the now written terms don't contain accelerations, but A and G have the 
same meaning as in (2.2). 

Suppose that the quasi velocities are of the form 

-- ---n--

W8 = 2::::: Csrtlr, s = 1, n 
r=l 

which in the matrix form is written as follows 

(3.2) 

(3.3) 

where w is an (n X 1) matrix, but C - a inversible quadratic matrix of order n. 
Equations of motion of the nature system (2.2) in quasi coordinates take the form 

A ow= Go+ Qo ~AC*w 

where c· is the inverse of c, but 

Ao =AC* 

·Go= G(q,q(w)), Qo = Q(t,q,q(w)). 

Suppose that the programme, that must be realized, is of the form 

gp(t, q,w) == 0, (3 = 1, s. 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Let us consider the case of open controlled systems. As above, it can act additional 
controlling forces on the system so that under action of these forces the system 
will realize the programmed motion (3.7). 

Equations of motion of the system are written in the form then 

A ow= Go+ Qo- AC*w+u(q,w,t) (3.8) 

where u is the ( n X 1) matrix of controlling forces. 

In the case there is no any restrictions putting on the controlling forces it is 
possible to treat the programme (3. 7) as ideal constraints in analytical mechanics. 

The condition of ideality of the constraints (3. 7) take the following form 

Dou=O (3.9) 

where Do is the ( n - s) X n matrix, which is constructed in the same way of the 
matrix D in (2.7). 
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In accordance with (3.8) and (3.9) we obtain 

D*w=O (3.10) 

where D* is the (n- s) X n matrix, which has the form 

D* = DoAo (3.11) 

but 0 is the (n x 1) matrix, which is of the form 

0 =Do Go+ Do Qo- DoAC*O. (3.12) 

Equations (3.10) and (3. 7) describe the motion of the system under consideration. 

Let q(t), w(t) and w(t) is the solution of these equations with the given initial 
conditions. The controlling forces required are calculated by the formula 

u(t) = Ao( q(t),w(t))w(t)- Go( q(t),w(t)) 

- Qo(t,q(t),w(t))- c*( q(t))w(t). (3.13) 

Under action of these forces the system under consideration will realize the pro
grammed motion (3.7). 

Note - In the case when the equations of motion of the nature system are 
written in quasi coordinates, for example, in the Appell's equations by means of 
quasi coordinates it can directly apply these equations. 

Example 3.1. Find the controlling forces imposed on a body in order that the 
motion is of generalized pression of the vector w. 

As known (see, for example [3, 4, 5], the condition of generalized pression of 
the vector w is equivalent to the programmed constraint of the form. 

(3.14) 

where p, q, r are of the projections of the vector of the instantaneous angular 
velocity vector won the rectangular orthogonal axes associated with the body, but 
>.. is an arbitrary constant. 

The Gauss function is of the form 

U = ~(Ap2 + Bq2 + Cr2
) + 2(C- B)qrp + 2(A- C)rpq 

+ 2(B- A)pqr-: QPp- Qqq- Qrr + ... 
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where the nonwritten terms don't contain p, q, f, but A, B, C are the moments 
of inertia of the body about the principal axes of inertia. 

Equations of motion of the nature system can be written as follows [1, 2] 

Ap + (C- B)qr = Qp 

Bq + (A- C)pr = Qp 

CT+ (B- A)pq = Qr 

(3.15) 

where; Qp, Qq, Qr are the generalized forces corresponding to quasi coordinates 

The relation to power gives us: 

(3.16) 

where: cp, 6, 1/J are the Euler's angles, but Q,, Q,, Q.p-the generalized forces 
respectively. 

As known [1, 2] we have 

p = ?j, sin 6 sin cp + iJ cos cp 

q = ?j, sin 6 cos cp - iJ sin cp 

r = ?j, cos 6 + cp. 

Substituting (3.17) into (3.16) we obtain: 

sincp 
QP = -ctg6Q, +cos cpQo + -:-;;Q.p, 

smv 
. cos 'P 

Qq = -ctg6 cos cpQ, - smcpQ0 + --=--e Q.p, 
sm 

Qr = Q,. 

(3.17) 

(3.18) 

As above, equations of motion of the system, realizing the programme (3.14) 
can be written in the form: 

Ap + (C- B)qr = Qp +up 

Bq + (A- C)rp = Qq + uq 

Cf + (B - A)pq = Qr .f. Ur 

(3.19) 

where: up, uq, Ur are the controlling forces in order that under action of which 
the system realizes the programme (3.14). 
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The (2 x 3) matrix D 0 in (3.9) has the form now 

Equations (3.10) take the form now 

p[Ap + (C- B)qr- Qp] + q[Btl+ (A- C)rp- Qp] = 0 

Cr + (B- A)pq = Q •. 

The first of equations (3.21) can be written as follows: 

App + Bqq +(A- B)pqr- pQp- qQq = 0. 

From (3.16) we have 

pQP + qQq = <PQ'P + OQe + ti;Q.p- rQ. 

= OQe + ti;(Q.p- cosOQ'P) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

Equations of motion of the system, which must realize the programmed mo
tion (3. 7) are of the form now 

App + Bqq +(A- B)pqr- OQe + ti;(cos OQ'P- Q.p) = 0, 

Cr + (B - A)pq = Q'P, (3.24) 

pq _ qp + r(p2 + q2) _ >.(p2 + q2)3/2 = O. 

Let the solution of these equations with the given initial conditions be 

and therefore: 

p = p(t), p = p(t), q = q(t), q = q(t), 

r = r(t), r = f(t), 1/J = ,P(t), 'P = <p(t), 0 = IJ(t) 

Q'P = Q'P(t), Qe = Qe(t), Q.p = Q.p(t), QP = Qp(t), 

Qq = Qq(t), Q. = Q'P(t). 

(3.25) 

From (3.19) we calculate the controlling forces for realizing the programme (3.14), 
that are: 

up(t) = Ap(t) + (C- B)q(t)r(t)- Qp(t), 

uq(t) = Bq(t) +(A- C)r(t)p(t) - Qq(t), 

u.(t) = Cr(t) + (B- A)p(t)q(t) - Q'P(t). 
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It is easy to see that the equations (3.24) can be leaded to ones established [3]. 

§4. Conclusion 

In the work an algorithm for calculating a programmed motion has investi
. gated. The requirements for a programmed motion are treated as ideal constraints 
in analytical mechanics. 

The following results have been obtained 

1) A schema for calculating programmed motion have been established. By 
represented schema the calculation of the inverse of the matrix of inertia has been 
avoided. This result has an important meaning for numerical methods, especially 
in the case of the systems of big dimension. 

2) In represented schema, the equations of prograllll?ed motion include in the 
closed set of equations described the motion of the system under consideration. 
This allows to control the errors of realizing the given programmed motion. 

This work is completed with financial support of the council for Natural Sci
ences of Vietnam 
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XAY DlJ'NG CHUYEN DQNG CHlJONG TRINH CDA Hl); co HQC 

Trong ba.i hao trlnh bay m9t phmrng pha.p xay d\l'Ilg chuy~n d9ng chmrng 
trlnh etta h~ w h9c. Cac yeu diu doi v&i chll'ang trlnh dm;rc xem nhll' Ia nhiing 
lien ke't ly ttr&ng trong CO' h<;JC giru tich. Dii. kMo sat chtrang trlnh dU'qc bi~u di~n 
trong t9a de? Lagrang va trong tl!a t9a de?. 

D~ gi<H quye't bai toan dii. ap dvng trJ!C tie'p di!-ng phtrang trlnh chuy~n d{mg 
etta ca h~ dtrqc trlnh bay trong [7]. Dii. dtra ra mc?t so sa do cho vi~c tfnh toan 
cac chuy~n dqng chll'ang trlnh. V&i SO' do nay sai s6 trong vi~c tfnh toan chuy~n 
dqng chtrang trlnh dii. dtrqc giam va dtrqc khong che'. 

Dii. kMo sat mqt so thf dv d~ minh h9a cho phll'ang phap dU'a ra. 
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