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Abstract. This paper develops a finite element model basefirstiorder shear deformation
theory for optimal placement and active vibratiamtrol of laminated composite plates with
bonded distributed piezoelectric sensor/actuatos p@he nine-node isoparametric rectangular
element with five degrees of freedom for the medatandisplacements, and two electrical
degrees of freedom is used. Genetic algorithm (3A3pplied to maximize the fundamental
natural frequencies of plates and the constanttbeek control method is used for the vibration
control analysis of piezoelectric laminated comfgglates. Numerical results showed the
accuracy of the presented method against relevdniisped literatures.
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1. INTRODUCTION

During the past decade, the application of piezete materials has steadily increased.
The piezoelectric elements can be used as autoensginsors, actuators, transducers and active
damping devices, etc. Piezoelectric materials shouwpling phenomenon between elastic and
electric fields, they induce an electric potentiallirgewhen they are deformed, which is called
as the direct piezoelectric effect. Conversely, applied electric field will produce its
deformation, which is named the converse piezoiteetfect.

The location of piezoelectric sensor/actuator ligsificant influence on performance, such
as controllability, observability, stability andfiefency of control systems. Hence, the problem
of determining the optimal locations of actuatoos fhe active vibration control of flexible
structures plays important role in engineering @apgibn.

Using the eigenvalues distribution of the energgredative matrix of control input forces
Ning [1] determined optimal humber of actuatoradtive vibration control of structures. Qiu et
al. [2] used discrete piezoelectric sensors andadmts to investigate active vibration control of
smart flexible cantilever plate. Optimal placemehsensors and actuators is performed based
on piezoelectric control equation. Han and Leeu@d genetic algorithms to find the efficient
locations of piezoelectric sensors and actuatoc®imposite plates. Bruant et al. [4] also used d
a genetic algorithm to optimize the number of sensand location needed to ensure good
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observability. Using modified control matrix andngular value decomposition (MCSVD)

approach, Deepak et al. [5] studied the optimatgai@ent of piezoelectric actuators on a thin
plate. Ngoc and Thinh [6] used genetic algorithmasdetermine the efficient locations of

piezoelectric actuators in cantilever laminated gosite plate.

The aim of present study is to develop a smart-nodted isoparametric element based on
first-order shear deformation theory for optimahg@ment and active vibration control of
laminated composite plates with collocated pieztiglesensor/actuator pairs. The integer code
genetic algorithm (GA) has been utilized to finé tptimal locations of the piezoelectric pairs
to maximize the natural frequencies of piezoeledaminated composite plate and a constant
feedback control algorithm is used for dynamic oese control through a closed loop.

2. PIEZOELECTRIC LAMINATED COMPOSITE FINITE ELEMENT MODELING
2.1. Linear piezoelectric constitutive equations

The constitutive relations for the piezoelectrienpmsite materials de" layer are given by
[7, 8]
o'} =" et [ ) @
(o) ={e} {1+ e @

where fork" layer: {0} = {6, ¢, Gy G, G} is the elastic stress vectoB\= { & & Ky K. Kt '
is the elastic stain vectofQ" |is the material stiffness matrixE{} and {D'} are the electric
field and electric displacements vectorg] [and [ are the permittivity coefficient and
piezoelectric stress coefficient matrices.
2.2. Displacements and strains based on FSDT
According to the first-order shear deformation tlyeby [9], the displacement field takes
the following form
u(x,y,z,t) =u(X,y,t) + z26,(x,y.t)
V(X,Y,Z,t) =Vo( X,y )+ 26,(X,y.t) 3)
WX, Y,Zt) =wo(X,Y,t)

The compact form of the strain vector at any p6iny, 2) referred to the plate coordinate
system can be expressed as

{g} =[z){ &} 4)

where

(g =le. & vy Ve Vo (5)
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Hooke’s law for K orthotropic layer of laminated composite platetie local coordinate is
written as

gy © [Qu Qi Qi O 0¥ (e 1 (o

2P Qn Qp Qxp O 0 €7

Ior =|Qe Qs Qes O 0 V1 (8)
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where the elastic constangy are given by

E,
= ) = Q= 7———, Q67612 Qs5G 13Q 457G ; 9
1-v vy 1=viy 1-vy 5

in which E ,E,are Young’'s modulus in the 1 and 2 directions, eéesipely; Gi,, Gzs, Gis

are the shear modulus in the 1-2, 2-3 and 3-1 flarepectively; and; are the Poisson’s
ratios.

The constitutive relations for thé& orthotropic lamina referred to (x, y, z) globabedinate
systems is computed by

Ix X _@11 Qo Qs 0 O 191 & "

gy 621 622 626 0 0 &y

Tyt =| Q1 Q2 Qs 0 O Yy (10)
I 0 0 0 Qs Qs Viz

Ty 100 0 Qp 644_ Vyz

whereéij are transformed plane reduced elastic constarite&!' lamina given by [9].

2.3. Isoparametric quadratic element

The nine-nodded isoparametric quadratic elemeaddpted and the interpolation formulas
for the spatial coordinates are:

9 9
XzzNiXi yzzNiyi (11)
i=1 i=1

where N, (§,n) are the quadratic shape functions.

The generalized displacement ve({m} at any point within the element can be written as
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n

{u(em}=2 N (€ n=9 (12)

i=1
in whichN; is shape function[,ui} is the nodal generalized displacement vedtoym equations
(4), (7) and (12), the generalized strain ve@ﬁ)} are obtained as

{g} =[z][B]{u} (13)
where
[B], =[[B] [B2] - [Be]] (14)
with
[B]=[[&"] [e"] [&]] (15
Ny O 00O 000N, 0 _ _
& 6wy 0 0 o[-0 00 o my[)-f3 § N Y ] o
Niy Nix 0 00 0 0 0Ny Ny W '
inwhich N, ,, N, are the derivatives of the shape functions witipeet tax andy respectively
(1=1,2,...,9).

24. Electricfield-electric potential relations

The electric potential functions are assumed tedraed linearly across the thickness of the
piezoelectric actuator/sensor layers. The elegitential vector{qq} of thei™ element can be
determined as

(@={# 42 . ) a7)

whereN; is the number of piezoelectric layers azp(a (k=1, 2, .., Np) is the electric potential of
thek™ piezoelectric layer in th&' element.

The electric field vecto{Ej} in thej™ piezoelectric layer can be expressed as

{E,.}{o 0 @] (=12 ..N,) (19

wherehy; is the thickness of" piezoelectric layer in thé' element.

2.5. Equations of motion

The equations of motion for the laminated compopltde with integrated piezoelectric
sensors and actuators can be derived using theltdaimiprinciple [7, 10, 8J:

5ol bl a9

or in the following form
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M u+K u+ Ku¢¢= F (20)
KaU+ K@ =Q

Substituting the second equation of (20) into trst Equation of (20) yields:

Mg+ (KU + KKK, Ju = F + K K Qg (21)

hereu, ¢ F andQ, are the global vectors of displacement, electoieiptial, applied force
and charge, respectively.

The mass matrix:

My, =Ip[N]T[N]dV (22)
The mechanical sti\f/fness matrix:
(K] = [[8] [H][B,]ds (29)
The mechanical-electrizal coupling stiffness matrix
[Ku) = [[8] [e][ B, Jos (24)
The eIectrical-mecthicaI coupling stiffness matrix
(Kan]=[K0] @5)
The piezoelectric permittivity stiffness matrix:
[Kop] =[] [pI[3,Jos 29)

S

where B/ is the strain potential matrix anB,] is called the strain-displacement matrix.
For free harmonic vibration of thd'mode, Eq. (19) can be written in the form [7]
(Kuu _aﬁMuu)u*'Kuw(o:O (27)
Kau+Kg =0

where «), is the angular natural frequency correspondingmimde n. By performing the
condensation of the electrical potential degredseafdom we obtain

(K" -afmy,Ju=0 (28)

where

K" =Ky ~ KKK g, (29)

3. ACTIVE CONTROL BY SENSORSAND ACTUATORS
Consider a laminated piezoelectric composite regtan plate of sidesa and b with

thicknessh consistn layers as shown in Figure 1. The top layer seageactuator denoted with
subscript “a” and the bottom layer serves as setspnoted with subscript “s”. When the plate

117



Tran Huu Quoc, Vu Van Tham, Tran Minh Tu

vibrates, electric displacements are induced orsémsor surface. The charges are collected in
the thickness direction. Through closed loop cdnth@ charges increase the electric potentials,
which are then amplified and converted into thenogiecuit voltage. Next, the signal is then fed
back into the distributed actuator, which causdsrd®tion. The stress resultant induced can
actively control the dynamic response of the lat@sa

Actuataors mtput
Auctuator layer

— =

Sensor layer

Y

Figure 1. Schematic diagram of a laminate plate with irdéepl piezoelectric sensors and actuators.

The actuating voltage vectgg can be written as
=Gy +Ga (30)
in which, the constant gainGy and G, of the displacement feedback control and velocity

feedback control introduced by [11], apds sensing voltage vector.

Without the external charge Q, the generated patem the sensor layer can be derived
from the second equation of (20) as:

@ =[Kep) [ Ko ] ue (1)
and the induced charge due to the deformation is
Q =[Kp | us (32)
Substitution of the above equation into equatid)) (Bads to
Q= [KWL Ua ~ Gy [KWL [Kf/_’ﬂs [le Us =G, [KW’L [K;’ﬂs [KWL Us (33)

Substituting equations (31) and (33) into equatiir), we get
M, li+Cu+K u=F (34)

where G is the active damping matrix in the form

Ca :q’[KW:Ia[K;’;:ISI:KW :|s (35)

Ky =[Kuu] ~Gq [KW]S[K;L[KWL (36)
If the structural damping effect is incorporatetbirquation (34), it can be rewritten as

My li+(C, +Cq)u+Kju=F (37)

where @ is the Rayleigh damping matrix of the structurbjoli can be expressed as
Cd =aM uu + BKuu (38)
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in whicha andp are the Rayleigh damping coefficients.

4. OPTIMAL DESIGN

In this section, the Genetic Algorithm is usedita fthe optimal placement of fix number
of piezoelectric actuators/sensor pairs based enotjective fitness, which is the maximum
fundamental natural frequency. The discrete optissisor/actuator pair location problem is
formulated in the form of a zero-one optimizatiowlgem. A zero performs the absence of a
sensor/actuator pair and one represents the pesdrg sensor/actuator pair on the element.
Genetic algorithms are random search techniquesedefrom principles of natural selection
and genetics. The decision parameters are codedtaisig of binary bits that corresponds to the
chromosome in natural genetics. The objective fanatalue corresponding to the design vector
plays the role of fithess in natural genetics. @héicial recombination among the population of
strings is based on the fitness and the accumulatedledge. In every new generation, a new
set of strings is created by creation of three &ionél children: Elite, Crossover and Mutation
children. In each generation, the best parentseleeted based on their fitness values.

The application of GA for the optimization problen@n be outlined as :

* The initial population is created randomly. Tkadth of each chromosome will be equal
to the number of finite elements in the structure.

» Calculate the fitness value. Genetic operatoes applied to reproduce a new set of
chromosomes.

* The maximization problem is converted into a mmiziation problem with fitness
f(x) = - Jpt

A constraint of the problem is that the total ftnemof sensor/actuator pairs is equal to a
given fixed number.

5. NUMERICAL RESULTSAND DISCUSSIONS

5.1. Freevibration of smply supported square piezoelectric laminate

The first numerical problem is used to validatedbgeloped models.

Free vibration of simply supported square piezdgtetaminates plates with thickness h =
0.01 m and side length a = 50 h (Figure 2) is amaly The laminate consists of a four-layer
Graphite-Epoxy sub-laminate and two PZT-4 outeetayEach elastic layer has a thickness of
0.2 h, whereas each piezoelectric layer has thgsko€0.1 h. The material properties are given
in Ref. [12]. In addition, all layers are assumedave a unit densitpE 1 kg/n?). The cases of
closed-circuit condition and open-circuit conditi@me considered. Table 1 presented the
fundamental natural frequencies of laminated pikzbec rectangular plate. The results are
compared with those reported by [12], in whichsbgne finite strip method was applied.

It can be seen that the fundamental frequency efpllates in case of closed-circuit is
smaller than in case of open-circuit condition. Tiximum discrepancy between the results of
present study with those of Akhras [12] is 2.55 % Efror = 100%x(Akhras [12]-
Present)/Present). It can be concluded that theridign and the program developed in the
present study are reliable.
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PZT (actuator layer)

/:

¥

b —

PZT (sensor layer)

Figure 2. Simply supported piezoelectric sensor/actuatatepl

Table 1. Fundamental frequencies of simply supported sieidaquare laminates.

/100 in radians per second

Lay-ups Closed circuit Open circuit
Akhras Akhras
[12] Present % Error [12] Present % Error
[p/0°/9C°/9C° /0°/p] 584.51 577.90 1.14 617.20 601.83 2.55
[p/45°/-45°145°-45°/p] 630.80 632.16 0.22 661.39 654.25 1.09
[p/45°/-45°/-45°/45°Ip] 635.75 630.23 0.88 666.80 652.90 2.13

5.2. Optimal placement of piezoelectric sensor/actuator pairs on plate using genetic
algorithm (GA)

The rectangular plate consisting of four compodagers and two surface-bonded
sensor/actuator pairs are now considered. The asbumaterial properties are the same as
problem 5.1. The objective of the optimization pgesb is to maximize the first natural
frequency of the plate with various boundary cdndg, geometrical dimensions and lamination
sequences. The convergence of genetic algorithm) &Ahown in Fig. 3.

Best: -3159.54 Mean: -3159.54
2000

. Best penalty value
e, . Mean penalty value
oh *ase P y

-2000 -

Penalty value
b

-4000

I | I I I I I | I |
10 20 30 40 50 60 70 80 90 100
Generation
Current Best Individual

0.5

Figure 3. Convergence of GA for
SSSS plate.

Current best individual

L L L
5 10 15 20 25
Number of variables (25)
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5.2.1. The effect of boundary conditions

A square plate (0.2 x 0.2) m with lamination seaqaeof [45/-45°/45°/-45"] is studied. Five
pairs of piezoelectric sensor/actuator pairs aredbd to each side of the plate (the size of each
patch is equal to the size of each element). Taike [ under different constraints: SSSS, CCCC,
CFCF, CFFF. The results of the optimization prob&msummarized in Table 2, and in Figures
from 4 to 10.

Table 2. Effect of constraints to optimized deflections.

Case Boundary condition Optimized fundamental
frequenciesdy/100 in rad/s)
1 SSSS 3159.54
2 CCcCC 3983.47
3 CFCF 3054.34
4 CFFF 535.34

From the results shown in Table 2 and in Figuremfd to 7, it is possible to deduce the
optimal locations of piezoelectric pairs with respéo different boundary conditions. It is
observed that the placement of piezoelectric pigireptimal when they are closed to the
constraints.

01 01

0.08

0.1 014
02 0.z
0z 0.2
015 s 0.1 015
0.1 01 0.1 0.1
0.05 0.0s 0.05 . 0.05
gm0 oo B
Figure 4. Optimal locations of sensor/actuator on Figure 5. Optimal locations of sensor/actuator on
SSSS plate. CCCC plate.

Figure 6. Optimal locations of sensor/actuator on Figure 7. Optimal locations of sensor/actuator on
CFCF plate. CFFF plate.
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5.2.2. The effect of geometrical dimensions of the plate

In this example, two SSSS plates of sizes (0.3xt2and (1x0.2) m with lamination
sequence of [#645°/45°-45"] are studied. Other conditions such as lamina&uence are the
same as example 5.2.1 (a). The results of the aptincations of the patches are shown in

Figure 8 and Figure 9.
015
0.1
.05
0
-0.05
-0

0

Figure 8. Optimal locations of sensor/actuator on Figure 9. Optimal locations of sensor/actuator on
(0.3x0.2) m plate. (1.0x0.2) m plate.

The results show that the optimal locations of pébectric patches on square plates are

different from those on rectangular plates. Thénogitlocations of piezoelectric patches change
as the length-to-width ratio of the rectangulatelehanges.

5.2.3. The effect of lamination sequence

In this example, two SSSS square plates (0.2 x @.2)ith the following lamination
sequences are considered: symmetri®/{@/-6/6/p) and anti-symmetric (B/-6/6/-6/p). The
results of optimal locations of piezoelectric p&slare shown in Figure 10 and Figure 11.

Figure 10. Optimal locations of sensor/actuator in  Figure 11. Optimal locations of sensor/actuator in

cases of symmetric lamination sequences. cases of anti-symmetric lamination sequences.
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From FigurelO and Figure 11, it can be observed that optimedtlons of piezoelectric
patches in case of symmetric lamination sequencesddferent to those in case of anti-
symmetric lamination sequences. In this investiggtiin case of symmetric lamination
sequences with ply angles 8£45° or 6=90° the optimal locations are symmetric through the
diagonal line of the plate as in Figure 10; whilecase ofanti-symmetric lamination sequences
with ply angles of6=45" or 8=90°, the optimal locations are rotational symmetric ias
Figure 11.

5.2.4. Transient response of composite plates with integrated piezoel ectric sensor/actuator pairs

The square plate (0.2x0.2) m with lamination seqaesf [-45/45°/45°/-45°] is considered
again to investigate the active vibration controlh@ cantilever plate. The plate consists of four
composite layers and two surface-bonded sensoatactpatches. The material properties are
given in Table 2 following [11]. Here, the dynamielocity feedback control algorithm is used
to actively control the responses of the plateugloa closed loop. The Newmgskmethod is
used to analyze the transient response of the &ednplate. The parametessand f are
selected to be 0.5 and 0.25, respectively. Allsineulations of transient response are performed
using a time step of 0.01 s.

(12c) (12d)

Figure 12. Piezoelectric sensor/actuator pairs configuration
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We now consider four cases of placement of pieztriatepatches:

» Case 1: The sensor/actuator piezoelectric pagrattached close to the clamped-edge
— Figure (12a),

» Case 2: The sensor/actuator piezoelectric pegraittached along the middle linexn
direction — Figure (12b),

» Case 3: The sensor/actuator piezoelectric pagraiached along the middle lineyin
direction — Figure (12¢),

» Case 4: Locations of the sensor/actuator pieztredepairs are the above-mentioned
optimum results in Section 5.2.1 — Figure (12d).

Figures 13 (a-d) show the results of transientyaimlof the laminated composite plates
integrated sensor/actuator piezoelectric pairsesponding to the considered cases. The results
show that in case 4 (sensor/actuator piezoelgediis are similar to reinforcing ribs for plate at
the clamped edge), the vibration of the plate dafager than the others.
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Figure 13. Transient response of composite plates with natieg piezoelectric pairs.
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6. CONCLUSION

In this study, finite element model based on finster shear deformation theory is
developed and a genetic algorithm is used to faateuthe optimization problem. The models
are then applied to achieve the optimal designaofimated plates with bonded pairs of
sensor/actuator piezoelectric patches. The desigjectve is the maximization of the
fundamental natural frequencieg the plate with various boundary conditions, ilzetion
sequences, and dimensions. The design variabldsaations of pairs of piezoelectric patches
on the surfaces of the plate.

As shown in the investigated examples, the stifrifdaminated composite plates bonded
with sensor/actuator piezoelectric patches can meraved with optimal locations of
piezoelectric patches. The results also show that dptimal locations of sensor/actuator
piezoelectric patches depend on specific studiedesaand the optimal location of
sensor/actuator piezoelectric patches not onlyctfine natural frequency, but also the damping
of the vibration of laminated composite plates.
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