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ABSTRACT

In this paper, the analytical solution for the srpdy laminated composite double curved
shell panels with stiffeners is presented. The omogquations are derived by applying the
Hamilton’s principle, the smeared stiffeners tegaei, and using the first shear deformation
theory (FSDT). The Navier’s solution for the simglypported boundary condition both ends is
presented. The accuracy of the results is compaitbdhose in the existing literature and shows
good achievement. The effects of the number ofestifrs, dimensions of stiffeners, and
lamination scheme of cross-ply laminated compositell panels on the natural fundamental
frequencies are investigated.

Keywords. vibration analysis, cross-ply laminated composdeubly curved shallow shell,
stiffened shell, first shear deformation theory.

1. INTRODUCTION

Laminated composite shells are widely used in wariengineering branches due to many
advantages in comparing with conventional metafiaterials such as higher strength-to-weight
and stiffness-to-weight ratios, improved chemiagadl &nvironmental resistance, durability and
the ability to tailor properties. Shell structuresforced by stringers (x-direction) and rings (y-
direction) to achieve greater strength with thenecoy of the material. Hence, they have gained
many applications in civil, mechanical, and aerospangineering (e.g., commercial vehicles,
aircraft fuselages, wings, road tankers, navalelssship hulls, submarines, etc.).

Stiffened shells are frequently subjected to dyra@adings in their service life, in order
to understand in-service behaviors and resonaecgiéncies, the dynamic properties, such as
natural frequencies need to be determined. In tdrimotropic shells, Rhinehart and Wang [1]
investigated the vibration of simply supporteylindrical shells stiffened by discrete
longitudinal stiffeners using an energy method. tdizss and Ali [2] determined dynamic
characteristics of a simply supported ring stifiénevo stringer stiffened and an orthogonally
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stiffened cylindrical shell. These authors [3] altadied the free vibration characteristics of
stiffened cylindrical shells and orthogonally stified cylindrically curved panels experimentally
as well as numerically by using finite element neethFinite element method is also used to
investigate vibration characteristics of stiffersllow shell by Sinha and Mukhopadhyay [4],
Nayak and Bandyopadhyay [5], etc.

Stiffened functionally graded (FG) shell structuaes used mainly in the high-temperature
environment and have been receiving considerabheratiention in the recent years. Based on
smeared technique, many authors developed thetimahlyolution for static and dynamic, linear
and nonlinear response of stiffened FG shells. i8udf nonlinear dynamical analysis of
eccentrically stiffened cylindrical and doubly cedvshallow shell can be found in Bich et al. [6,
7]. Duc at al. [8, 9] presented the nonlinear dyiamehavior and the nonlinear post-buckling of
imperfect eccentrically stiffened P-FGM double @dthin shallow shell resting on the elastic
foundation in the normal and thermal environmeR&cently, Duc and Quan [10] analyzed the
nonlinear vibration and dynamic response of impmrfieinctionally graded materials thick
double-curved shallow shells resting on elastinttations in thermal environments by using
Reddy'’s third-order shear deformation shell the@ihe buckling analysis of functionally graded
stiffened cylindrical shells under uniformly axiedmpression load is investigated in work of
Najafizadeh et al. [11]. Wattanasakulpong and Gtisittana [12] performed free vibration
analysis of functionally graded stiffened doublynad shallow shells under thermal
environment. Note that the above-mentioned solsatare only analytical.

The investigation on the vibration of laminated pamsite stiffened shells is still meager.
The work of Reddy [13] presented the exact solstiohmoderately thick laminated shells, the
results for the cross-ply laminated composite dpuhirved shell panels were reported. Finite
element free vibration analysis of laminated contpostiffened shell was carried out by
Goswami and Mukhopadhyay [14]. Numerical investmafor stiffened composite cylindrical
shells and doubly curved shells has been preséotdzbth concentric and eccentric stiffeners.
Prusty [15] presented finite element free vibrateoxd buckling analysis of laminated hat-
stiffened shallow and deep shells using arbitraoitiented stiffener formulation. Parametric
study on the hat-stiffened panels for the freeatibn and buckling analyses with closed and
opened section stiffener were investigated. Fiel@ment free vibration analysis of stiffened
composite shells is also studied by Nayak and Bepaghyay [16], Li et al. [17], Rikards et al.
[18], etc. The work of Bert et al. [19] used theefidifferent thin shell theories and analytical
approach determined the natural frequencies ofnlat@d composite circular cylindrical shell
stiffened by the ring and/or stringer stiffeners.

From above-mentioned studies on vibration chareties of stiffened shell structures, it
can be seen that the most of them focused onrstiffeircular cylinder and used classical shell
theory which does not take into account the effettshear deformation and rotatory inertia. To
the best of author's knowledge information regagdine analytical solution of free vibration
behavior of composite stiffened cylindrical parehiissing in the literature except Bert’'s work
[19].

The purpose of the present paper is to develomalytecal solution on the free vibration of
cross-ply laminated composite stiffened doubly edrghallow shell panels. The present study
used the first order shear deformation theory amdased technique. Parametric studies are
investigated and may be useful for the prelimindegign of dynamically loaded, stiffened
laminated composite shells.
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2. THEORETICAL FORMULATION

Consider a cross-ply laminated composite doublyexishallow shell panel with stiffeners
in coordinate(x,y,z) as shown in Fig. 1; Symboks, band h are lengths of the shell in the x-

direction, y-direction, and thickness of the shedkpectively.R, and R, are principal radii of
shell in the x- and y-directions, respectively.

ated composite skin

e —————___

Figure 1. A cross-ply laminated composite doubly curved Isliakhell panel with x- and y-stiffeners.

u(x,y,z.9=w(xy.d+ m(xy}
v(x,y,z,0)= vy (%, v, 9+ zg,( x,y.)
w(x,y,z,1) = wy(x,y,1)

The displacement components of the FSDT of a poitite shell as follows [12, 20]:

1)
whereu,,v,,w, are the displacement components in the mid-sudaoesponding to the x-, y-
and z-directions. Angg, and ¢ are slopes of transverse normal about the x- zanxksg.

The strain components of an arbitrary point inghell are of the form:

£ &2 K (;z/+aW°—h
X X X a R
£ r=4 60 t+ZIK, (] {y"z}= Vel Yo )
yo K yxz y)?z @+6W0 i
yxy Xy Xy ax Rl
where
50:%+ﬂ- 0:%"‘&'}/0 :%+%
“ ax R, dy R,Y dy dx @)
0 0
Kx=a¢;;Ky= %;ny=a¢‘+ 4
oXx oy dy 0Xx

The constitutive equation &flayer of laminated composite shell can be writerj20]:
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o] [Q: @ @ 0 of (g

o, |Q, Q, Qs 0 0f]g

Tyl | Qs Qs Qe 0 01Ky 4
gy, 0 0 0 Q, Qi |%

Teli |0 0 0 Qs Qgf Wk

where o,,0,,0,,,0,,,0,, and &,,&,,V,,.V,. V., are the stress and strain components in the

global coordinate system — laminate coordingtey,z) of laminated composite sh@;j 's are
the transformed elastic constants with respedtéaytobal coordinate syste(®,y,z), see more
detail in [20].

For stringers, internal stringers used to reinfdarethe shell panel, the material properties

are isotropic. The geometry of the cross-ply lam@dacomposite shallow shell panel with
internal stiffeners in the x-z plane illustrated Hig. 2. DenoteE,,p, ,A,,b,.h ,e ,|and

E,.n,,A,,b, ,h 6 ,] as Young's modulus of stiffener material, masssétgncross-sectional

area, the width of stringer, the height of stringbe eccentricity of the stringer and the space
between stringers in the x- and y-directions, respely.

y 3

Figure 2. Geometry of cross-ply shallow shell panel witrenntal stiffeners in x-z plane.

Stiffeners are assumed to be in uniaxial statetrefss. The displacement terms in the
longitudinal are similar to those of the shell. denthe stress-strain relations of the stringers in
the x- and y-direction as:

g'(x):E %+_6W0 +E Za_@- g'(y): E %+_6W0 + 5 Zaﬂ (5)
* 7 ox R, Tax Y dy R, ay

The effects of the stiffness of the stringers @asuaed to be smeared over the shell and to
ignore twist effect. The smeared stiffeners techaigpe used for the global behavior of shell
panels with the assumption that the stiffeners espaiformly. The moment and force resultants
of the stiffened shell are as follows [6, 12]:
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-h/2
A ©)
A= _[ Q,;dz; ( )F 44,55

-h/2
The parametek, is the shear correction factdk (=5/6).
Applying Hamilton’s principle, the governing equatis of shell using the FSDT is given as
[12, 20]:

ON . ON ON .

aNxx + Xy +sz =|0u0+|1¢x; Xy + yy +QYZ =|0\70+|1¢y
0X oy R, 0X oy R,
anz +aQyZ _ Nxx _ Nyy —

=l W 10
ox dy R, R, °° (10)
oM, OM . OM,, oM .
— X4 —Q = LU+l g —L+—2-Q =1y +I
GX ay sz 10 2¢x GX ay Qyz 1" 0 yy

where

386



Vibration analysis of cross-ply doubly curved shallow shell panels with stiffeners

-h/2

— " i - . — Ax Ay
Ii_ J. pqudZ I_(O’ 1, ? ) loeq_p+ | h Pyt m on (11)
X y

with p is the mass density of laminate composite shell.

The above moment and force resultants are exprdsselisplacement terms of Eq. (1).
And then substituting the obtained results in Bd),(we get the equilibrium equations with
respect to displacement terms of Eq. (10).

3. SOLUTION PROCEDURES

In this study, the free vibration of the simply popted cross-ply laminated composite
doubly curved shallow shell panels is developedifing Navier’'s solution. The displacement
expressions are assumed as:

Uy (x,Y,1) u,.€“coga 3 sifs ¥
Vo(X,y,t) o V.€“sin(aX) cogp Y
Wo(x,y,t) =3y w,.€“sin(a X sif3 (12)
g (xy1) | " @€ coda y sifs Yy
@ (xy:1) Bun€ “sin(ax) coB Y

where U, Vo, W @y nn®@,yne are the arbitrary coefficients; is the imaginary unitj? = -1;
w is natural frequencyg=mn/a;p=nn/b;

Substituting Eqg. (12) into the equilibrium equatisystem with respect to displacement
terms of Eq. (10), it obtained as follows:

([K]ys =2 [M], )2}, ={0), (14)

where { A} —{umn V., W, @ ¢ym}T, and coefficientsK

g = M, are determined by using

]'1

Symbolic Toolbox in MATLAB software. Solving Eq.4})to get the natural frequenay, , .

4, RESULTSAND DISCUSSIONS
4.1. Validation

In this section, the two examples for the verifizatof present study are presented. It noted
that the doubly curved shell panel can be changethé various structural types by setting
guantities as follows:

a _ b =0 for aflat plate;

IQl 2

2 - 0 for a cylindrical shell paneli =£ for a spherical shell panel
R1 Rl RZ

The first example, to verify the free vibration tfe cross-ply laminated composite
spherical shell panels without stiffeners. The carigon between the results of the present study
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with those of Reddy [13] using the FSDT (an exten®f the Sanders shell theory). The results
of the non-dimensional fundamental frequendizs= wa’\/p /E, /¥ are shown in Table 1.
The dimensions of the shell panel used afe=1;a/h=100;R= R the lamination scheme
[0°/90°/@], and the material properties of the shell af=25E,;G,=0.55

G,,=0.2E,;G,=G,v,70.25 From this Table 1, it can be observed that tiesemt results
are identical with those of Reddy [13]

Table 1. Non-dimensional fundamental frequencies of thesgphl shell panels.

0%90° 0%90°/0°
h/Ry Reddy [13] Present error Reddy[13] Present error
300 46.002 46.002 0.00 % 47.265 47.265 0.00 %
400 35.228 35.228 0.00 % 36.971 36.971 0.00 %
500 28.825 28.825 0.00 % 30.993 30.993 0.00 %
1000 16.706 16.706 0.00 % 20.347 20.347 0.00 %
Plate 9.687 9.687 0.00 % 15.183 15.183 0.00 %

The second example, to verify the natural fundaaidrequency of the cross-ply laminated
composite cylindrical shell panels with and withatiffeners. The comparison between the
results of the present study with those also wdsulzded by the code ANSYS software
employing the shell model. The composite stiffesbell was calculated by the shell model,
both shell and stiffeners were also modeled anenalsied by using the shell elements Shell281.
In this case, the mesh was 12x12 for shell surbaat was 12x1 for stiffeners surface. The
results are presented in Table 2.

The dimensions of cylindrical shell panel a@=b=1;b/h=50;R /b=2;a/R =l
lamination scheme[0°/900/00/90’]; and the material properties of the shell are
E,=132.5GpaE,=10.8GpaG,,=5.7Gpa G,,=G,,; G,,=3.4Gpav,,=0.24;
p=1600 kg/m.

For internal stiffeners used akg,, =h,,, =h;E,,,=3E, :p=1600kg/ni (isotropic).

x(y)

Table 2. Comparison of natural fundamental frequenc{@ﬁ/goo /P /9(9] cylindrical shell panels

with and without stiffeners (b/a = 1).

Stiffened (internal stringers)

bh R,/b Unstiffened  direction-x  direction-y direction-x & y
(1 stringer) (2 ring) (1 stringer x 1 ring)
1 ANSYS 262.700 257.770 267.590 263.510
50 Present 264.949 262.635 275.294 272.916
5 ANSYS 164.700 161.940 164.790 165.820
Present 162.559 161.658 162.028 161.152
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As shown in Table 2, it can be seen that the maxirdiscrepancy is 3.57 % for the cross-
ply cylindrical shell panel with orthogonal stiffers in the x-direction and y-direction
(b/h=50;R, /b=?). From the above verification, it can be conclutieat the results of present
study are reliable.

In the following investigations, the dimensions andterial properties of the shell panels
used are:ta=b=1m;b/h=50a/R =b/R,= 0.f (spherical shell);a/R =0; b/R,=0.5
(cylindrical ~ shell); E;=132.5Gpa E,=10.8Gpa G,,=5.7Gpa G,,=G,,;
G,,=3.4Gpav,,=0.24;p=1600 kg/m. The material properties of internal stiffeners
(only considered internal stiffeners) de=3E, ;p=1600kg/ni v=0.24. Itis also noted that

the stiffeners in the x-direction can be calledt@imgers, and the stiffeners in the y-direction ca
be called as rings for cylindrical shells.

4.2. Effects of number of the stiffenerson the natural fundamental frequency

In this investigation, the cross-ply laminated cosife doubly curved shallow shell panels
with lamination scheme[oolgd’/d’ /9(5’} are carried out. Numbers of stiffeners in the x-

direction (stringers), in the y-direction (ringsgnd orthogonal stiffenergn, =n,) are

n,.,n, =(0;1+ 1§. The dimensions of the stiffeners dsg=h, =h and b, =h, =h (thickness of

x1lly
shell). The effects of the number of stiffenerstlom natural fundamental frequency of the cross-
ply spherical shell and cylindrical shell panels shown in Fig. 3.

T T T
O stringers(x-direction)
*  rings(y-direction)

T T T T T T T
I ! ! ! ! ! o  stringers(x-direction) :

! .

| O  orthogonal stiffeners
|

|

|

N T.# ittt il *  rings(y-direction) il
e | | | | ) 280
~ | O orthogonal stiffeners

| | o | N
154———#——4——41%\4

......

The natural fundamental frequency
The natural fundamental frequency

I I I N
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| | | | [ ! I I I I I . I I
e T A ! I N e e i M B Bl el s Sl il
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Number of stiffeners (cylindrical shell) Number of stiffeners (spherical shell)

Figure 3. The effects of number of stiffeners on the nattuatiamental frequency of cross-ply spherical
shell and cylindrical shell panels.

Figure 3 shows that the natural fundamental fregesnof shell panel decrease when the
number of stiffeners increases. This phenomendnésto the increase of the mass is faster than
the increase of the stiffness of shell panel. Besithe natural fundamental frequencies of shell
panels with rings are higher than those with s@isgand orthogonal stiffeners. It shows that
rings reinforce for shell panels are better thandthers (more effective).

4.3. Effects of the dimension of stiffenerson the natural fundamental frequency
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To investigate the effects of the dimension of stifeners on the natural fundamental
frequency of shell panel, we use a parameter diedcas dimension ratio of the stiffener
(h,/b,). The effects of dimension ratio of stiffenéh,/b,) on the natural fundamental

frequencies of the cross-ply spherical shell arohdsical shell panels are plotted in Fig. 4. The
cross-ply shell panels with lamination scheE\ti)é/QOo Lo /9(5’} , the number of the stiffeners in

the x-direction (stringers), the number of stiffenén the y-direction (rings), and orthogonal
stiffeners(n, =n, ) are nine stiffeners. The dimension of the stiffenesed areb, =b, =h and

h,=h,=(0.5+9 I; h is the thickness of the shell.

300

N
o
=]

The natural fundamental frequency
N
(=]
o

O stringers(x-direction)
*  rings(y-direction)
O  orthogonal stiffeners

— T T —
|
|
|
|
|
|
|

15qB====d3""
0.5

|

|

|

|

|

|
1 15 2 2.5 3 35 4 4.5
The height ratio of the stiffener—hslbS (cylindrical shell)

The natural fundamental frequency

T T T
O stringers(x-direction)
*  rings(y-direction)

O  orthogonal stiffeners

777;774774774774777'\/7'

N

| | | | [y

-

The height ratio of the stiffener—hslbS (spherical shell)

a) b)
Figure 4. The effects of dimension ratio of stiffer@n the natural fundamental frequency of the
cross-ply spherical shell and cylindrical shell @lan

It can be observed in Fig. 4, at the beginning,nawiral fundamental frequencies of shell
panel with rings are the largest at all then onéh warthogonal stiffeners increase rapidly to
become ones are the largest. Let see Fig. 4ayliaddcal shell panels, when the height of the
stiffener is larger than twice the width of theffetier (b, =b, =h), the natural fundamental

frequencies of the shell panel with orthogonalffestiers is larger than those of with rings and
stringers. However, for spherical shell panels, wtiee height of stiffener is larger than four
times the width of the stiffener, the natural fumdstal frequencies of the shell panel with
orthogonal stiffeners is larger than those of tthers.

4.4, Effects of the lamination scheme of cross-ply laminated composite shell on the natural
fundamental frequency

To consider the effects of the lamination schemero$s-ply laminate composite shell on
the natural fundamental frequencies of the sphlesicall and cylindrical shell panels with the

stiffeners, the shell panels with nine stiffeng¢rg =n, = 9) and lamination schem@()ol90°]n
are carried out. The dimensions of the stiffeneesbg=b, =h andh =h, =(0.5+3 I.

This figure shows the natural fundamental frequehaf the stiffened shell panels with

lamination scheme§0‘3/90"]3 are always higher than those with lamination scehEﬁ‘i/90°l
and[0°/90°]

5"
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It can be observed that the increase of the haflite stiffeners is not always the good
way to reinforce well for the shell panels in Figs5. This can be shown clearly for the
spherical shell panels.

300

: :
o [0%90Y

T
| |
2401 — — - - - -

T - - T T T T T
| N
200 . 0%, [T T AT T T moTr T x [0%90%, | T | | | | [
I I I I I I I |
s0l] P %% | 1o __ v ] 300 O [0%90%; |~ 4~ — 4~ == —m = — = -
; I ; ; I I I I
I | I I I
I

N
=3
S

80— -1 -——7-—7# -~~~ ——1

The natural fundamental frequency
~N
IN]
o

The natural fundamental frequency

0.5 1 15 2 2.5 3 35 4 4.5 5 0.5 15 2 2.5 3 35 4 4.5 5
The height ratio of the stiffener—hslh (cylindrical shell) The height ratio of the stiffener—hslh (spherical shell)

Figure 5. The effects of the lamination scheme of crosslgtyinated composite on the natural
fundamental frequencies of the spherical shellatiddrical shell panels with stiffeners.

5. CONCLUSIONS

In this work, the analytical solution for the fregbration of the cross-ply laminated
composite doubly curved shallow shell panels whi simply supported boundary condition are
presented. From the previous investigations, itimnoted that:

= With the dimensions of stiffeners used atvg(y):hx(y) =h, the natural fundamental

frequencies of the shell decrease when the nunflibestiffeners increases. This phenomenon
is due to the increase of the mass is faster thanncrease of the stiffness of the shell panel.
Besides, the rings reinforce for the shell paneshatter than the others (more effective).

= For the cylindrical shell panels, when the heighstiffener is larger than twice the
width of the stiffener b, =b, =h), the natural fundamental frequencies of the ghatiel with

orthogonal stiffeners are larger than those of wiitlys and stringers (more strength). However,
for the spherical shell panels, when the heighthefstiffener is larger than four times the width
of the stiffener, the natural fundamental freques@f the shell panel with orthogonal stiffeners
are larger than those of the others (more strength)

= The natural fundamental frequency of the stiffeakdll panels with lamination scheme
[0‘)/90"]3 is always higher than those with lamination sch{@?dgo"]l and [00/900]2.

= The increase of the height of stiffeners is notagisvthe good way to reinforce well for
the shell panels.
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