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Trung tdm nghién citu hé théng

I - GIOI THIEU

. M3t trong nhirng mé hinh vi mé ddng dBu tién néi 1én méi lién hé giita phat trién kinh té
vd méi trudng 1A cdng trinh cia Darge. R, C., Kogiku K. C. (4] dwgc in vAo n¥m 1973, Cling th¥i
gian d6 con cé cde cdng trinh cila Keiler E., Spence M., Zeckhauser R. [3]; Forster B. A. [1]; Arrow
K. J. [2]. Tiéc ring trong cdc cdng trinh ndy quan tim ft thim chf chwa quan tadm dén nhip 48
phét trién dan 88 v hé 88 tién bd cda ki thuft cdng nghé ma theo chiing tdi chiing déng vai trd
quan trong nhw da xét trong dinh 1y cla bai bdo nay.

Qua cfich xét vi md va ndi dung cia djnh 1y, chiing ta cé thé kijp thdi cdi tao holic thay thé
cdc cdng ngh§ chwa hodn hdo, hoc phdi ning cao né trong mét nginh ndo dé, nh¥m aé trénh
thdm hoa trdn nglp chft thdi cda nganh dé.

II - MO HINH TOAN HOC

Xét h§ kinh té déng, t8ng din 83 L ph4t trién theo hdm mi véi nhip 46 téng trwéng a > 0;
nghia 1A
Lit)=loe™, lo>0 (1)

Gid thiét h§ ndy tiéu ding n logi sdn ph&m, khi tiéu ding logi sdn ph&m thi ¢ (goi tdt 1d
tidu ding 1) v&i khéi lwgng C;(t) s tao ra ddng thdi f; v khéi lwgng chdt thai cla vige tidu diing
sdn phim ¢ (goi t4t 1A chét thdi i) 1A z(t). Hon nira gid thié rAng C(t), ¢ = T,n 1& nhitng ham
lién tyc tirng khic,

Gid sk hg 88 ty hdy cda cht thdi i 1 a; > 0 vA t&c 48 ting cht thai ¢ bing higu gifra déng
thdi fi vA khéi lwgng ty hdy a;z(t), ta ¢6 phwong trinh vi phén sau:

& = fi = aim;

(2)

zi(0) =z i=T1n
Néu dwa vio céc ky higu:
A = diag(ay, ag, ..., a,)

z= (21, 2 TR zn)ﬁ

f= (f.l.l.f'll -"lfnr
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Trong 46 diag k¢ hifu duwdmg chéo, cdn dfu » k¢ higu 1a chuyén vj, thi (2) cé thd viét dwéi dang
ma trin:
= f- Az
%(0) = 2o

(8)

Khéng lam gidm tinh thyc té ching ta cé thé gid thidt ring dong thai f; ty 1§ véi tdng tidu
diing C;(¢), nghia la:
fi=BCi(t), i=Tn (4)

D2 djic trung cho tién b3 ki thuft cdng ngh§ ngdnh 4, h¢ 88 f; dwoc gid thiét 1d ham mi
gidm theo th¥i gian, c6 dang:

Bi = bie™" . (%)
Bi(0)=b;>0,1=1,n
Trong d6 ry = 0 bifu thj st tién b ki thuft cia nginh 1.
Ky higu
_ C{!t! .
Uf(t) = L(t) y = Ln (6)

R& rang ui(t) cing 1a nhirng ham lién tyc tirng khdc. Ta 88 goi wi(t) 1 chl tiéu tidu diing sdn
phém ¢ trén dBu ngudi (goi tAt 1a chi tidu), u;(t) chinh 14 chc bién digu khién trong phin t&i wu
86 xét & myc sau,

Tir (4), (5), (6) va (1) ching ta cé
fi=lobelo= ity (e), i =T)n (7)

Néu k¢ higu:
B=1lo diﬂ.g(blet"""“, .“’b"elanrn)t) (8)

u = (g, u)* thl (8) dwee vidt lgi nhw sau:

&= =Az+ Bu &
z(0) = aq (9)

Gid thigt ring véc to chl tidu u(t) bj chin béi che vée to hiing ul™) va u(M)
0<ul™ <ut) cuM <00 Ve (0,7 (10)

Trong 46 [0, T'] 1a khodng th¥i gian ta xét md hinh,
Vin d8 a4t ra 1d phdi chon véc to ©(t) lAm cye dai gid trj cda hdm myc tiéu

T
Haow) = [ 0w, 2)ae (11)
0
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Trong dé p > 0 13 h§ e8 chidt khu, cdn U(u, z) 13 hdm lgi fch théa man cde gid thidt sau diy:

U(u, z) = g(u) - h(z) (12)
g'(u) >0, g"(u) <0 (13)
h'(z) >0, h(z) >0 (14)

¢ diy 2 2
gf(u) = (%%Q,“,' Qa-g;(.;’:l) | gn(u) - (aag:‘(;}lm, aai(?:‘))

Twong ty cho cdc ky hidu h'(z), h"(z).

III - HINH DANG CUA X(T)

Khi st dyng cdng thirc bién thién hing s3 ta thu dwee nghigm cda (9) nhu sau:

T
z(t) = e~4tzg +fe""B(r)u(r)dr} (15)
0
Ky hi¢u
n
|lz(t)|| = Z i(t) 14 tng chng chc chdt thai toi thei didm ¢
i=1
Dinh ly:

a) Néu k¢ higu z'™), /M) 1d nghigm cia (9) twong dng véi u(t) = u™ va u(t) = ulM) ¢y
0 < 2l™(t) < z(t) < 2!M)(¢) (16)
Véive € (0,T] vd véi moi u(t) thda man (10) v nghigm z(t) ‘wng tng thda min cdc didu

kién diu:
2™(0) = 3(0) = 214(0) = 2,

b) Néu a < 121{21"{1-;} vd 1:51‘1‘%1"{:1.;} > 0 thi
i [(0)] = 0
c) Chl clin t3n tai mét ¢ sao cho a > »; hofc a = r; vA a; = 0, th

Jim [lz(e)]| = oo
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d) D8i véi nhitng ¢ ma o = ry vd a; > 0 thl
(m) lob.u!M! :
zoi + @%‘f—— < Jim inf 2;(¢t) <€ Jim sup < zoi + ﬂgi:‘ (17)

Cdn 468i véi nhitng « md a < ry vd a; = 0 thl

ulm b
Zos + k:i—z— < hm inf z;(t) < lun sup z; < Toi -+ !9;35? (18)
[l - '

Chitng minh: Do céc ma trdn A, B 1A dwdng chéo nén thinh phin thir s cla nghiém hé (9)
dwge bidu dién nhw sau:

i
z;(t) = e'niilmm + l°bij3'ﬂ“r'+"‘}rUi(T)drl
0

Tir bidu thirc nhy ching ta cé thé kiém tra tryc tidp cde két lugn cda dinh 1y mét cich d& dang.

1V - VAN DB p1ku KHIEN TOI UU

Xét bhi todn t8i wu

&= —Az + Bu (4
*
3{0) = ay
D 5 ulml g U(t) s u[ﬁ” (‘*)

Theo dféu kign cin ctia nguyén the cwe dai cda Pontryagin va theo dinh 1y 2 trong (2] thi
néu w(t) 14 fu kign t8i wu, 8é tdn tai véc to n(t) = (nu(t),na(t), ... 7n(t))" sao cho trén lép ham
lién tyc ting khiic thda min (##), (t) 1Am cye dai ham Hamiltonian sau:

H(u,z,n,t) = U(u,z)e™" + n'(Bu - Az) (19)

Trong dé véc to n(t) 12 nghiém cda h§ phwong trinh vi phin sau:

P _%.g = (z)e~" + ' A (20)
n(T)=0 (21)

Do (14) ta thfy ngay ring %@- = —h"(z)e”" < 0 nén haim Hamiltonian 16m theo bién z,
do 46 theo djnh Iy 5 trong dféu kién chin & trén ciing 14 diéu kién dd cho bhi todn diéu khidn t8i
wu dang xét. Tt (12) va (19) ta thly 6(t) 1am cyc dai biéu thic sau: g{u)e™” + n* Bu. Digu dé
twong dwong véi G(t) lam cye dgi héa bidu thie:

M(u) = g(u) + ¢"n*Bu = g(u) + n' B,u (22)
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Trong 46
B,=¢"B (23)
Dt | |
y(t) = (-n*B)* (24)
Th '
M(u) = g(u) - y*(t)u (25)

Dgo hiam y theo ¢t trong bidu thirc (24) ta thu dwec

‘. " .dB
y =-=-n .B,. -n 'JE
hay ' ==0'B, - n'B,(al -r+pl (26)
Trong dé r = diag (r1,ra,...,rn).
Khi thay (24), (23), va (20) vdo (26) ta thu dwoc
y' = ~h'(z)B+y'(A+al —r+pl) (27)

Gid st y(t) = 0 tai to ndo 46, thi do (27) ta ¢é §(t) < O trong 1&n chn cda to. Do tinh lidn
tyc cda y nén y(t) = 0 tai ty ndo 46 1 hodn tohn cé thé xdy ra. Mt khéc do (21) va (24) suy ra
y(T') = 0, theo ly lugn trén thi y(t) < 0 trong l&n chn cda T, W vy y(t) > 0 vi gidm trong lin
cin T. V1 thé do (13) vA (25) suy ra cu8i khodng thdi gian [0, 7] diéu khién t&i wu phai 18y gid trj
u'h”.

Tém lai theo Iy lufin trén vA (26) ta cé thé th&y ngay didu khién t8i wu dwoe biéu didn nhu

sau: u{m} nGu gl(ulmi) < y' {t)
Ut) = { (o] (w(t)) néu g'(u'M)) < y*(t) < g'(u"™) (28)
WM g g(uM) > gy

V - NGHIEM 806

Tim nghigm t8i wu dwéi dang bidu thirc 1A dfdu khé thyc hign, b 18 ching ta khéng biét
didu kign diu y(0) cda h§ phwong trinh vi phén (27). Thém chf ching ta cling chwa thd biét céc
diém chuydn tidp vd #8 Min chuyén ti€p cda dfdu khidn t8i wu. Tuy nhién chéng ta.cé thé thm
nghigm o8 cia bai todn bing phép I¥p lién tidp nhir sau.

Trwde tién tim didu khidn chip nhin dwee ndo dé uy)() (c6 thé Idy u(o)(t) = ul™ holfe
up)(t) = ulM)); véi u(0)(t) ndy ta tim nghigm Zu, () ¢ (15) sau 46 dya vdo Zy)(t) 4€ tim
Yu(0)(t) & (27) bng cdng thic bién thién hing s8. Tir Vuto)(t) ta tim di8u khién chfp nhin méi
u(1)(t). Qué trinh 88 Ifp lgi tir dBu véi uy(t) := t1)(t)... cho dén khi ching ta nhin dwec 48
chinh x4c mong muén.
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viI - KT LUAN

06 thé m& réng m8 hinh theo nhidu céch khéc nha, u!™, ulM) vk ngay cd céc h§ 68 tién

b3 k§ thuft cdng nghd d8u cé thé xét nhw ham cda thdi gian. Quan hi gitra dong thdi va téng
tidu diing c6 thé 13 phi tuyén vd trang théi cusi cé thé cho trwée (tire 1a téng khéi lwgng chit thai
cui thid k¥ chi dwge phép 14 z(¢)) vA khi d6 ham myc tidu c6 thd Ia cye tiéu chi phf cho vifc cdi
tgo hofic thay thé qui trinh c8ng ngh§ nhim ddm bdo cudi th¥i ky chi ¢dn téng chit thdi 1a z(7T).
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SUMMARY

Microeconomic model with ecological technical progress
and optimal control problem

The model presented in this paper is microeconomic one in which both the nonnegative decay

rates of pollutions and the rates of the ecological technical progresses are etudied.

The optimal control theory and the numerical method are applied to find the optimal con-

troller mugimiling the integral of the utility function.



