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Abstract. Lepton flavor violating (cLFV) decays of charged leptons such as T — LY, T — eY, L — eY,..., are now the
subjects of experiments as signals of new Physics beyond the Standard Model (SM). In the limit of the unitary gauge,
we prove that contributions from one loop corrections to the above decays are very small in the framework of the
economical 3-3-1 model.
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I. INTRODUCTION

Recently the upper bound for lepton flavor violating decays of charged leptons 7 — 1Ly are
set as [1,2]

T uy<4.4x1078, (1)

and in the near future, the sensitive will reach the value of 10~°. This topic is very interesting
for recent experimental physics because the lepton flavor (LF) numbers are experimentally shown
to be violated in the neutral lepton sector and it is reasonable to hope that the same situation will
be right for charged one. The economical 3-3-1 (E331) model [3,4] contains many new particles
involving with one loop contributions to the cLFV decays such as new charged gauge bosons and
Higgses. But this model includes only neutrinos with small masses, leading to the prediction that
the one loop contribution to above cLFV decay may be very small, as that shown in the SM. It
is emphasized that this prediction has not been proved before. Therefore, the aim of this paper is
to prove in detail this prediction. The one loop contributions to cLFV decays are very important
because of the following reasons: i) the very small branching ratio result (1) suggests that the
cLFV decays should be come from the loop rather than tree level arising from the mixing among
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charged leptons in different families; ii) if the cLFV decays are discovered, interesting information
of new particles, i.e beyond the SM, may be found from the loop contributions of these particles.

Our work concentrates only on the E331 model and is arranged as follows. After the intro-
duction, section II will review the E331 model and list all needed vertices to draw cLFV diagrams.
Section III will investigate the branching ratio and amplitudes of the T — py decay at the one loop
level. Section IV will estimate one-loop contributions to this cLFV decay. The final section is our
conclusion.

II. cLFV VERTICES IN THE E331 MODEL

The E331 is one of various versions of the 3-3-1 models including right-handed neutrinos
(v331), which are only new leptons beyond the SM. It is also the model that needs only two Higgs
triplets to generate masses for all fermions, although the loop corrections have to be considered
for generating consistent quark and neutrino masses. Three fields of each lepton family, namely
two left-handed neutrinos v,;, V5, and a left-handed charged lepton /,, are included in a triplet
of the SU(3), group, Wur = (Va, la, VS)! ~ (3, —3). Here we only pay attention to quantum
numbers of the SU(3), x U(1)x group and ignore the color one. Each v, = (V,z)¢ corresponds
to a new right-handed neutrino which is absent in the SM content. All right-handed charged
leptons transform as singlets of the SU(3)., I,z ~ (1,—1). Two Higgs triplets are constructed as
x=, %5207 ~ (3, 1) and ¢ = (¢, 99, 9;)7 ~ (3,3). The vacuum expectation values
(VEVs) of neutral Higgs components are (xV) = u/v2, (x3) = w/v/2 and (¢9) =v/v/2. The
VEV v contributes mainly to the masses of SM-like particles, including normal charged leptons,
W and Z bosons and its value is equal to the SM spontaneous symmetry breaking scale v = 246
GeV. The VEV u is the LFV parameter with the lepton number two. The constraint from rare
decays shows that its value is extremely small comparing with v, u/v < 0.1. This parameter does
not contribute to the above cLFV decay where the LF number is violated by only one unit for
each L; or L. The w value is considered as the SU(3), symmetry breaking scale because it is the
source generating masses for all new particles beyond the SM.

Masses of leptons come from the Yukawa part of the Lagrangian that includes only cou-
plings between leptons and Higgs ¢, namely

DB = Wy, War 9ok + hyy€™"” (W) (W )n(9) + Hc.. )

Here we only focuss on the largest Yukawa couplings between neutrinos to Higgses and charged
lepton. For the E331, masses of neutrinos and charged leptons come from two distinguish mass

matrices and in general, they are not simultaneous diagonal. Hence, we will work in the basis
where mass matrix of the charged leptons is diagonal, i.e héb = ab%’;’“, while that of the neu-
trinos is not. This naturally reflects recent results of experiments for the LFV effects in lepton
sector. At the tree level, all masses of the charged leptons are consistently generated by the La-
grangian (2) while those of neutrinos include one massless and two degenerate ones, being not
suitable with current experimental data [5]. But it was shown that the neutrino masses including
loop corrections are consistent and all three new (sterlie) neutrinos are very light [4,6]. The mix-
ing of neutrinos in this model is caused by the term h), €™’ (W), (Wp)n (@), generating masses

for neutrinos. Because the neutrinos are oscillated, the relation between flavor v, and mass Vg
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base are denoted as vV, = Y o, Usa Vo With a = e, i, T being flavor indices while @ = 1,2, 3 being in-
dices of three physical mass eigenvectors. Similarly for v¢, we have v5 =Y, U/, VS, The mixing
parameter must satisfy the following inequalities

Uual <1, |Ubel < 1. 3)

The Lagrangian part relating with singly charged Higgs mediations in the loop can be modified
from [3,4]. In the flavor basis this part is written by

m _ —_
fﬁl(ep - \% . (VaPng(Pr + V2PRZQ¢3+ +H'C') ) @
ny

where Pg = %(1 + 7°) is the right-handed helicity-projection operator. It is emphasized that (4) is
LF conserved because it is deduced from the first term of (2).

As usual, the E331 model contains nine electroweak gauge bosons corresponding to nine
generators of the SU(3), x U(1)x gauge group. After symmetry breaking, only photon remains
massless. The other are massive including four singly charged W*,Y*; two non-hermitian neutral
X9 X%; and two hermitian neutral bosons Z, Z’. The gauge boson sector was investigated in [3,4].
Because X° (X°*) only couples with neutrinos, it does not involve with cLFV decays.

Lagrangian relating to I[IV (V= W=, Y¥) vertices is

f”v = % (Ce\_/a}/uPLl_aWJ —SQ\_/g’)/“PLlaW‘Jr
+ coVsY LY, +seVaY' PLLY, ) +Hee.. (5)

The Higgs self-couplings are given by the Lagrangian part

L= 300+ (" 2)* +22(079)7 + Aa(x " 2)(079) + A (x"9) (07 ).
The Higgs sector of this model was studied in [4, 7], where the original Higgses

T T
07 = (9] L (v+52+i42),0]) and g7 = (L (u+ S +ii). 25 L (w $3+i43))

The physical Higgses include two real neutral and two singly charged ones, denoted by H?, H?
and HZi, respectively. The cLFV decays are contributed from only charged Higgses. The mass
eigenstates of charged scalars are given as

+ fw2 1202 1 +
¢, ! WSg  Cgy/W +Vicg 5VS20 H,

X2+ = VCo 0 —w G; , (6)

+ 2 ) i
93 VWV e —sgy /W2 +12ch v Ge

where th and G6jE are respective goldstone bosons of W+ and Y*; 0 is the angle defined by
tan O = u/w. New notations appearing in (6) is cg = cos 0, s = sin 6, and 5,9 = sin26.

From of interactions discussed above, we obtain the couplings needed for investigating
cLFV decays of T — u7yin the E331 model. They are all listed in the Table 1.

The respective Feynman diagrams for cLFV decays are drawn in Fig. 1.
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Table 1. Couplings relating with [; — [;¥ decays in the E331 model. All momenta
in the Feynman rules corresponding to these vertices are incoming. In addition
Fuvc = ruvc(k07k+k—) = (kO - k+)68uv + (k+ - k—),ugvc + (k— - ko)vguc

Vertex Coupling Vertex Coupling
VolaH U, Hy LV, U
ValaW; %cewma& Vel W, —%sewvgm
Valu¥;t 5 sor Uil Vol ot Ui,
A (ko)WY T (k)W (k) —ielyyo AP (ko)YVT (k)Y O (k-) —iel'yvo
AMHIHy ie(pr—p_)u AR L, ey,

(b) ()

Y+

Fig. 1. One-loop Feynman diagrams contribute to /; — l>7 in the unitary gauge
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III. BRANCHING RATIO

III.1. Master integrals and branching ratio

In this section we list some one-loop integrals used in this work. A complete library for
one-loop integrals is given in [8]. We will consider the special case where p; and p, are fixed as

momenta of incoming and outcoming leptons, respectively. Furthermore, we consider only LFV

cases mj # my, where m; and m; are masses of leptons. Here p% = m%, p% = m% . First, some

general forms of useful master integrals defined in literature are listed as follows,
CH = C*(p1, p2; M1, Mo, M>)
(2ru)*P / dPk x k*

in? (k2 —=M3+i8) [(k—p1)? —M; +i8] [(k— p2)? — M3 +i6]’
CHY = C* (p1, pas M1, Ma, M>)
(2mu)*-P / dPlk x kMkY

in? (k2 —M?+i8) [(k—p1)? — M3 +i8] [(k— p2)?> — M3+ i8]’
where M and M, are masses of virtual particles in loops. All tensors in (7) can be written in terms
of sum of scalar integrals times external momenta, namely

ct = Cip) +Caph,
CHY = Coog"” +Cuipy pY +Cua(py Py + Y P3) +Cps 13, ®)

where factors Cy, Cp, Cyo, Ci1, C12 and Cy; are scalar and may be determined analytically in

particular cases. Recall that all of these factors are convergent in four dimensions, except Cyg. For
convenience, we will also use new notations for particular values of mass parameters, for example

Ci(p1, p2smyysmw smw ) = Cil (v, My —smyy )
II1.2. Amplitude
Considering the LFV of charged lepton decay I, — Ly, where (11, ) = {(t,1), (t,e),
(u, e)}. The amplitude of the decay can be written in the following form [9, 10],
iM = 2(p.e)[CLiz(p2)PLur(p1) + Critz(p2) Prur (p1)]
+Dpitz(p2) £PLui (p1) + Drita(p2) £Prur (p1), ©))

where " is the polarized vector of the photon. The decay width of the decay I} — Ly is

(N

(’"% —m§)3 2 2
(i — by) = ———=—(|CL|* +|Cr[*), (10)
167wm3

where m; and my (m> < my) are masses of the initial and final leptons /; and I, respectively. We
can calculate the branching ratio of decay T — uy from the partial decay widths (10) by formula

mlzl : 127[2 2 2 —
Br(t — uy) = 1-— XWGCL' +|Cr|?) X Br(t — uv,ve) (1)
T F''t

with Gr = ‘i;f, Br(7 — uvy,vr) ~ 17.41%. Note that for this particular case, we have my,m> —
w

mz,my and uy,uy can be replaced with uz,uy,.
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It is needed to recall that C;, and Cg are convergent because of the Ward Identity. Further-
more, the terms relating with these two factors come from only three-point diagrams shown in
Fig. 1. It was shown in many previous works that these contributions were really suppressed in the
case of the SM [11], due to the very tiny masses of these neutrinos or the very small mixing angles
among them. While the case of the 3-3-1 models may be different because the contributions from
new particles, namely the SU(3), particles, to the cLFV decays /; — I, are hoped to be very
significant.

In the next section we will show two important results: i) From the gauge invariance con-
dition we get

DL = *mICR*mZCL and DR = *mch*mch; (12)
ii) Contributions to C; g come from only diagrams a), d) and g) in the Fig. 1. We just pay attention
to these diagrams. Because - /“ < % ~ 1072, 59 < 1 and cg — 1, the couplings involving charged

Higgs are extremely smaller than those involving charged gauge bosons. So, we can ignore the
diagram g). The analytic formulas of contributions to C7 g from the diagrams a) are

_eg 23U Uy my

Céa)(mva,mw,mw) = 3 X o2
1
X {2(C1 +C12+C22)+mT x [m%(Ci1 +Cia—C)
W
+ my, (Co+Cia+Cop—C1 —2G)] H ;o (13)
(M1, My~ mw )
2 277
eg cyUT U m
Cl(ea)(mva7mW7mW) = - § 92105 = X 16;2
1
X {2(C2+C11 +C12)+m7 x [my, (Ci2+Cn— C)
W
+ mjy, (Co+Cy+Cip—2C — C)] H ;o (14
(M| ,Mz%mva 7mw)

where Cy = Co(p1, p2;M1,My,M>) is also convergent [8]. For the diagram d) we have

g 22U Uy My
2 l6m?

1
X {Z(Cl +C12+C22)+$ x [m3 (Ci1+Ci— Cy)
Y

ng) (mV& , My, mY) =

+ mye (Co+Cra+Cn—C —20,)] H ;

(Ml ,M2—>mv& 7my)

_egic U’*U m
C[(?d)(mvaamY7mY) = g 62 = 16;2
1
X {Z(Cz-i-cll +C12)+W X [mi (C12+C22—C2)
Y
+ m (Co+Ciu+C =261 = Cy)] }) SNGE)

(M, ,M2—>mv& Jmy)
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Two above formulas of Cy  also indicate a very interesting consequence that Cy g and Dy g are
all convergent, because both C; and Cf are functions of convergent integrals Cy ;> and C;; with
i,j=1,2.

IV. APPROXIMATION CALCULATION IN CASE OF VERY SMALL
NEUTRINO MASS

IV.1. Calculating C; z and Dy

First we will prove the equalities in (12). The total amplitude M in (9) can be written as
M = €*M,,. The gauge invariant condition, or the Ward Identity, means that g*M,, = 0, where ¢
is the photon momentum, ¢ = p; — p». By using the following equalities

¢ = 0, 2p1.q:p%—p% = m%—mlz“
w Py = meupPruy +myupPruy;  up ffPrut = meua Pruy +myuaPruy, (16)

as well as M), derived from (9), we can prove that both factors of [usPgu;] and [urPru;] in (g* My, )
must be zeros, resulting a series of two equations myDj —mDg = (m% — mi)CL and —m;Dy +
myuDg = (m% — mﬁ)CR. Solving them we will get the results mentioned in (12). So having Cy g,
formulas of Dy r are easily determined.

To calculate Cy g, we should look in diagrams drawn in the Fig. 1. As illustration, we
will represent in detail the analytic formulas of three diagrams in the first row and show that the
contributions to Cz g come from only the first one. For diagrams in the second and third rows, we
obtain the same results.

Contribution to the total amplitude from the diagram 1 a) is

. d*k _ (i i(f+my, ig .
Dy, my) = /Wuz <\%U2ayuPL> x (k/z‘_mzv) x (jEUlavaL> i
Va

v _ (k—m)v(k—m)ﬁ]

—i

2

X
( My,

k—pi)?—m3,

x (—ie)e! [(—q—k+p2)pgra + (k—p2+k—p1)igap
+ (—k+p1+9)agpa]

X;i ap (k—pz)a(k—pz)“
(k= p2)* —my, miy
_ 8" UiUsa / d*k i Yu Ky PLin
2 Qr)* [k =m3, ] [(k—p1)* —my] [(k— p2)* — iy ]

2 2

X [gVﬁ _ (k—pl)"(k—m)B] [gau_ (k—PZ)a(k—Pz)“]
My My

X (=1) [(k+p1 —2p2)g€a+2(p1-€ —k.€)gap + (k—2p1 + p2)atp]
_egzUl*aUza
2

(N] +N2) 17)
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where

N = / d*k Yy kv PLus
b (27[) DyD 1D,
xg"P g% [(k+ p1 —2p2)p€a +2(p1.€ — k.€)gap + (k—2p1 + p2) atp]

_ /d4k i Yy kvy P
(27'[)4 DoD D,

X [(k+p1—2p2)' e +2(p1.e —k.€)gh” + (k—2p1 + p2)H€"] (18)

with my = mz, my = my, and

8P (k— p2)* (k— p2)* + g"*(k — p1)" (k— p1)P

2
myy,

N = / d*k oy kyy P
, = —
(27’[)4 DoD D

X [(k+p1—2p2)p€a+2(p1.€ —k.€)gup + (k—2p1 + p2)atp)

1 d*k iy, ky Pu
- _/(27'6)4 Z;OIL:Di 1 [(k_p])z(k—]?z)'ugv-i-(k—p2)2g“(k_pl)v

—2(k.e = pr.€&)(k—p2)* (k—p1)"], (19)

where we have used ¢* =0, ¢ = p1 — pa, (k—p1 —q).(k—p2) = (k—p1 — q).(k— p1+¢) =
(k—p1)?>—¢* = (k—p1)? and (k— p1).(k— pa+q) = (k— p2)?. Apart from C functions shown

in (8), we will use notations of Veltman-Passarino functions defined in [8], such as Ay(m), B(()O)

By(0; M2, M), Bo(pi,M1,M>) = BEO)P,H (i =1,2) and B*(p;,M,,M>) = B;p!’. Using again useful
formulas in (16) for intermediate calculations, the final results of N and N, are

No= 6 — [u2 £PLuy] % [235)0) +2m;, Co—miCy —m3Cy —2(mi +m3) (Ci + C2) +2(d —2)Coo
16 o [ty £Prut) X mymy3[C + C;]
[
+ [ PLuy] X 2(p1.€) x my [C1 +2(Cr2 + Ca2)]

16712

16 ) [MzPRMI] X 2(]71 8) X mj [C2+2(C11 —I-Clz)] (20)
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and

i 1
Ny = 1672 (2 £PLuy | % 2 [—ZAO(mW) —m%a (Bél) +B(()2)> —Zm%VB(()O) —Zm%Vm‘z/aCO
W

+ m%Bl +m3By +miy, (miCy +m5Cy) + miy (B(()O) +1)+2m;, COO}

mipm
16 Z[uz,é‘PRul] 12 2 X [2C00—m‘2,V(C1 —|—C2)]
My

1 m
o2 [pPrLui] x (2p;.€) x m—zz X [m% (C11 +C12—C1) +miyy Cy
W

+my, (Co+Cia+Con—C1 —2C,)|

+

i m
—|—m[ﬁ2PRu1] X (2p;.€) X m—zl X [m% (Cra+Cpp— ) —l—m%VCz
W

+mj, (Co+Ciy+Cin—2C —G)]. 1)
From Fig. 1 b):
, d*k _ [ ig k+my,)
lM(b)(mva,mW7mW) :/ (27t) <\/»U2(X')/[.LPL> kz_m; X < Ula'}/VPL)
AL s ey ¢ i (- B
p2 ( myy
_—eg UzaUla/ k- uz}’uk}’vPL(rz +m1)/f'3u1
2(m% —m%) (2m)* " (k2 —m%,u) [(k—pz)z —m‘%v}
) (F— )V
y <guv_(k p2) gk p2) )
My
2 * .
—egUrqU,| i _ _
= Z(m% _m%)a 62 X [mzuz,éPLul +m1u2/é‘PRu1] X Ny
1
x {(2 ~d)Bt [Ao(mw) +2m2 BY — (m?_ + m%)Bg} } . (22)
4
From Fig. 1 ¢):
e d*k . i(pr+m) [ ig i(k+my,)
iM )(mvaamWymW) :/ (271')4142 X (—ie) £ x pi% —m% ﬁUzoﬂ/ﬂPL X W

ig —i (pr—k)H(p1 —k)"
U} WP — | g" -
g <ﬂ ta s L)”‘X (k—pr)Z—m3, (g 3,
:—egzUzaUl*a/ d*k k(14 m) kP
2(mi —m3) J 2m)* T (K2 —md,,) [(k— p2)? —mjy |

o <guv_ (k—p)* (k_Pl)v>

2
My
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_ —egzUz*aUla " i
2(m2—m3) 6w

7 X [mlﬁz/éPLul —|—mzﬁzf‘PRu1] X mj

1
x { (2= d)Bi+ 5 | Ao(mw) + 22, BY — (m, + m%)Bl} } . (23)
W
Two formulas (22) and (23) do not contain any terms being relevant with u, P u; or upPru,, there-
fore do not contribute to Cy g. Collecting terms in (20) and (21) containing factors #, P u; and
ur Priiy we get the results of Cy g shown in (13) and (14).

IV.2. Estimation in the limit of very small neutrino mass

From now we just focus on the largest contributions of |Cy, | to the value of branching ratio
(11). From (13) and (14), we have |Cr| < |Cg| because my < m:. In addition, in Cg we can ignore

2 2
terms containing factors —- and e which are extremely smaller than one, and keep those that
do not contain these factors So the total largest contribution from three virtual neutrinos is

3
C (s my) ~ —eg?cy Y Uiy (G+cu+cn)) 24
& (Myy,my,my) eg Ceag,] 1aU2a X 16 2 2+Ci+Ci2 My My ) (24)
and Cr(my,, ,my,my) =~ 0.
To calculate (24), we use the condition my,, < my for applying the approximation method
shown in [11] (subsection 13.3) to evaluate the approximate formulas of C,, C1; and Cy; from (7)
and (8). Some main steps are as follows. Replacing ﬁ with the below expansion

1 1 my
e =2 T gep O (25)

in the integrands of (7) to rewrite C;;; in new forms. We easily see that the first term in (25)
does not depend on my,,, Ujq and Usq. It cancels when all of C;;; functions are inserted into (24)
because Y U, U>q = 0. Now we need only the second term, ignore the higher powers of m%a.
Using the Feynman parametrization trick,

1
(k)2 [(k = p1)? —mjp ] [(k — p1)* — miy ]

1 S(1—
_ 3!/ dx dy dz Uzx—y—on . (26)
0 {2 +y [(k—p1)>—m}, | +z[(k—p2)? —m}] }
we will write C* as
3im? ! y +
4 ypl sz
CH () = = / y [ dxi-y-: /dk S @7

where M? = (yp1 +2zp2)> + (y + 2)m3, — (yp? +zp3) and we have changed k — k+ (yp1 +zp2).
The Cy(my,, , my,my ) relates with pi in (27), in particularly

3lmi, [l 1y d*k
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/ dk in?
(k2 —M?)* — 6M*

and taking M? ~ (y + z)m‘zy, because p% =m2, p% = mﬁ < M, we get the approximate value of
G,

From the well-known integral

31m? =g 1— —2)z  m}
C ) 5 ) 9 = e / / - Va . 29
2(P1s P23y, my ,my ) P 6mW P b (29)
Similarly for calculating Cyj 12, we get
m —y (1—y— z)y m%,
C ) ; ) bl = va/ d / z bl
11(P1, P23y, ,my ,my ) y G1e? 18m‘v‘v
my y—2yz _ my
C , P2y My, My, M = / d d o, 30
12(p1, p2imy,, my ,my ) mév A y G127 36mi, (30)
From (29) and (30), we get an approximate result of (24),
2.2 * 2
eg cy Ul U2am,
C\ (py, primyy,mw, g X X a 31
(P1, P23y, my ,my ) = —me Py ; nZ, (3D

Also, the contribution to Cg from C I(?d) given in (15) can be written approximately in the same way.
Now the largest contribution to the branching ratio (11) is

1272 egzc% 2
Br(t — o~ X
(T=uy) G2 <48n2mgv

2
1%
U UZa V&

Br(t — uvyvy)

Z UlaUZO!mv mév ;

4
o mW ’"Y

20
3n

U U Zamv mév

%“77

i Br(T — vy ve), (32)
mW my

QM

where o = % is the fine-structure constant. At the electroweak scale, oo = 1/128.
As shown in [6], v and v¢ are also very light, so we can set an upper bound m2 m%a <
(1eV)? = (1072GeV)?. We also have my > my ~ 80GeV and |U,q|,|U’,| < 1, leading to

3n 802

which is extremely smaller than the upper bound of experiments (1).

20 10~ 18
Br(t — uy) < =— <2 X 3 X > ~107%, (33)

V. CONCLUSION

In the E331 model we have established in detail the analytic formula of the branching
ratio of the cLFV decay T — py at the one loop level. From the prediction of this model that
all neutrinos are very light, we construct an approximate formula of the branching ratio for this
decay and indicate that Br(t — uy) < 10~® in the present experimental limit of neutrino and
Y boson masses. This shows that the E331 model predicts the very suppressed values of the
cLFV decay branching ratio comparing with the present experiment value, Br(t — uy) < 4.4 x
1078, Hence if this decay is detected in the near future, it must come from sources beyond the
prediction of the E331 model, for example the suppersymmetric version of well-known models
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such as MSSM, SUSYE331,... One more important result of our work is obtaining the very precise
amplitudes of the cLFV decay as functions of the well-known Veltman-Passarino functions before
any approximate estimation, so it can be seen exactly the convergence of the C; g and therefore
Dy, r. This makes our calculation very clear and it can be applied for investigation of cLFV decays
in many other models, including 3-3-1 ones.
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