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Abstract. The detailed analysis of the gauge model based on SU(3)C ⊗ SU(3)L ⊗ U(1)X group

with minimal content of lepton and Higgs is presented. It is shown that with just two Higgs

triplets, all fermions and gauge bosons can get correct masses. The advantage of the model under

consideration is that a huge number of free parameters is reduced, and the model’s predictiveness

is much improved.

I. INTRODUCTION

The experimental evidences of nonzero neutrino masses and mixing [1] have shown
that the standard model (SM) of fundamental particles and interactions must be extended.
Among many extensions of the SM known today, the models based on gauge symmetry
SU(3)C ⊗ SU(3)L ⊗ U(1)X (called 3-3-1 models) [2, 3] has interesting features. First,
[SU(3)L]

3 anomaly cancelation requires that the number of SU(3)L fermion triplets must
equal to that of antitriplets. If these multiplets are respectively enlarged from those
of the SM, the fermion family number is deduced to be a multiple of the fundamental
color number, which is three, coinciding with the observation. In addition, one family of
quarks has to transform under SU(3)L differently from the other two. This can lead to an
explanation why the top quark is uncharacteristically heavy.

One of the weaknesses of the mentioned 3-3-1 models that reduces their predictive
possibility is a plenty or complication in the scalar sectors. The attempt on this direction
to realize simpler scalar sectors has recently been constructed 3-3-1 model with minimal
Higgs sector called the economical 3-3-1 model [4, 5]. The 3-3-1 model with minimal
content of fermions and Higgs sector (called the reduced minimal (RM) 3-3-1 model) has
also been constructed in [6].

II. PARTICLE CONTENT

The fermion content of the model under consideration is the same as in the minimal
3-3-1 model [2]. The left-handed leptons and quarks transform under the SU(3)L gauge
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group as the triplets

faL =





ν`a
`a
`c
a





L

∼ (3, 0) Q1L =





u1
d1
J1





L

∼
(

3,
2

3

)

,

QiL =





di
−ui
Ji





L

∼
(

3
∗,−1

3

)

, (1)

where a = 1, 2, 3, l1 = e, l2 = µ, l3 = τ and i = 2, 3. The J1 exotic quark carries 5/3
units of elementary electric charge, while J2 and J3 carry −4/3 each one. In Eqs. (1) the
numbers 0, 2/3, and −1/3 are the U(1)X charges. The right-handed quarks are singlets
of the SU(3)L group,

uaR ∼ (1, 2/3) , daR ∼ (1,−1/3) , a = 1, 2, 3,

J1R ∼ (1, 5/3) , JiR ∼ (1,−4/3) . (2)

The charge operator is defined by

Q

e
=

λ3

2
−

√
3

2
λ8 +X, (3)

where λ3 and λ8 are the diagonal Gell-Mann matrices. Note that for antitriplet, we have
to replace the Gell-mann matrix by λ̄ = −λ∗.

The two Higgs scalar triplets

ρ =





ρ+

ρ0

ρ++



 ∼ (3, 1) , χ =





χ−

χ−−

χ0



 ∼ (3,−1) , (4)

are the minimal content of Higgs sector enough to break the symmetry spontaneously and
generate the masses of fermions and gauge bosons in the model. The neutral scalar fields
develop the vacuum expectation values (VEVs) 〈ρ0〉 = vρ√

2
and 〈χ0〉 = vχ√

2
, with vρ = 246

GeV.
The pattern of symmetry breaking is

SU(3)L ⊗U(1)X
〈χ0〉−→ SU(2)L ⊗U(1)Y

〈η0,ρ0〉−→ U(1)em (5)

and so, we can expect

vχ � vη, vρ. (6)

Since lepton and antilepton were put in the same triplet, therefore lepton number is
not conserved in this model. It is better to work with a new conserved charge L commuting
with the gauge symmetry [7, 8] and related to the ordinary lepton number by diagonal
matrices L = 4√

3
T8 + L .

Another useful conserved charge B is usual baryon number [8] B = BI. These
numbers are given [7, 8] in the Table 1

In Table 2, we list particles with non-zero lepton number
Table 2 shows that the exotic quarks carry lepton number two. Hence they are

bilepton quarks.
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Table 1. B and L charges for multiplets in the RM 3-3-1 model.

Multiplet χ ρ Q1L QiL uaR daR J1R JiR faL
B charge 0 0 1

3
1
3

1
3

1
3

1
3

1
3

0

L charge 4
3

−2
3

−2
3

2
3

0 0 −2 2 1
3

Table 2. Nonzero lepton number L of fields in the RM 3-3-1 model .

Fields lcL lL ρ++
3 χ−

1 χ−−
2 JiL JiR J1L J1R

L −1 1 −2 2 2 2 2 −2 −2

III. HIGGS POTENTIAL

The most general renormalizable, gauge and Lorentz invariant scalar potential is

V (χ, ρ) = µ2
1ρ

†ρ+ µ2
2χ

†χ+ λ1(ρ
†ρ)2 + λ2(χ

†χ)2

+ λ3(ρ
†ρ)(χ†χ) + λ4(ρ

†χ)(χ†ρ) , (7)

whose manifest simplicity turns the RM331 model a real gain as compared to the original
minimal 3-3-1 model since the number of free parameters is reduced from, at least, thirteen
to only six.

Expansion of ρ0 and χ0 is

ρ0 , χ0 → 1√
2
(vρ , χ +Rρ , χ + iIρ , χ). (8)

On substituting this expansion in the above potential we obtain the following set of min-
imum constraint equations,

µ2
1 + λ1v

2
ρ +

λ3v
2
χ

2
= 0,

µ2
2 + λ2v

2
χ +

λ3v
2
ρ

2
= 0. (9)

This potential immediately gives us two charged Goldstones bosons ρ± and χ± which are
eaten by the gauge bosons W± and V ±.

In the doubly charged scalars, the mass matrix in the basis (χ++ , ρ++) is given by,
(

1
λ4

v2χ
1
2
λ4vχvρ

1
2
λ4vχvρ

1
2
λ4v

2
ρ

)

(10)

This matrix has the following squared mass eigenvalues,

m2

h̃−−
= 0 and m2

h−− =
λ4

2
(v2χ + v2ρ), (11)

where the corresponding eigenstates are,
(

h̃++

h++

)

=

(

cα -sα
sα cα

)(

χ++

ρ++

)

, (12)
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with

cα =
vχ

√

v2χ + v2ρ

, sα =
vρ

√

v2χ + v2ρ

. (13)

It follows that h̃±± are the Goldstones eaten by the gauge bosons U±±, while h±±

remains as a physical scalar in the spectrum.
Regarding the neutral scalars, their mass matrix takes the following form in the

basis (Rχ , Rρ),
(

λ2v
2
χ

1
2
λ3vχvρ

1
2
λ3vχvρ λ1v

2
ρ

)

(14)

This matrix gives us two eigenvalues

m2
h1

=
1

2
v2χ

(

λ1t
2 + λ2 −∆

)

,

m2
h2

=
1

2
v2χ

(

λ1t
2 + λ2 +∆

)

, (15)

where t ≡ vρ
vχ

and

∆ = (λ1t
2 − λ2)

2 − λ2
3t

2. (16)

The corresponding eigenvectors are
(

h1
h2

)

=

(

cβ −sβ
sβ cβ

)(

Rρ

Rχ

)

(17)

with

cβ =
1√
2

(

1 +
λ1t

2 − λ2√
∆

)
1

2

, sβ =
1√
2

(

1− λ1t
2 − λ2√
∆

)
1

2

. (18)

In the neutral pseudoscalar sector, there are two Goldstones bosons Iρ and Iχ which are
eaten by the neutral gauge bosons Z and Z ′, respectively.

In the effective limit: vχ � vρ we have

cα ≈ 1, sα ≈ 0,
√
∆ ≈ λ2 − λ1t

2 +
λ2
3

2λ2

t2,

cβ ≈ 1√
2

(

1 +
λ3t

2

λ1t2 − λ2

)
1

2

, sβ ≈ 1√
2

(

1− λ3t
2

λ1t2 − λ2

)
1

2

(19)

This gives the following consequences:

(1) h̃−− ≈ χ−− and h++ ≈ ρ++.
(2) Masses of neutral Higgs bosons

m2
h1

=

(

λ1 −
λ2
3

4λ2

)

v2ρ, m2
h2

= λ2v
2
χ +

λ2
3

4λ2

v2ρ, (20)

(3) The positiveness of masses yields: λ1 > 0, λ2 > 0, 4λ1λ2 > λ2
3.
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Let us resume content of the Higgs sector: the physical scalar spectrum of the
RM331 model is composed by a doubly charged scalar h++ and two neutral scalars h1
and h2. Since the lightest neutral field, h1, is basically a SU(2)L component in the linear
combination Eq. (17), we identify it as the standard Higgs boson in this model. Thus

ρ =





GW+

vρ√
2
+ 1√

2
(h1 + iGZ)

h++



 , χ =





GV −

GU−−

vχ√
2
+ 1√

2
(h2 + iGZ′)



 (21)

Note that h−− carries lepton number two. Therefore it is scalar bilepton.

IV. GAUGE BOSONS

In order to obtain the expression for the masses of the massive gauge bosons of the
model, we have to substitute the expansion of the Eq. (8) in the Lagrangian,

L =(Dµχ)
† (Dµχ) + (Dµρ)

† (Dµρ) , (22)

where,

Dµ = ∂µ − igAa
µ

λa

2
− igXX

λ9

2
Bµ, (23)

with λ9 =
√

2
3
diag(1, 1, 1) so that Tr(λ9λ9) = 2. The coupling constants of SU(3)L and

U(1)X satisfy the following relation

g2X
g2

=
6s2W

1− 4s2W
(24)

where the following notations are used cW = cos θW , sW = sin θW , tW = tan θW with θW
being the Weinberg mixing angle. The eigenstates of the charged gauge bosons and their
respective masses are given by,

W± =
A1 ∓ iA2

√
2

→ M2
W± =

g2v2ρ
4

, (25)

V ± =
A4 ± iA5

√
2

→ M2
V ± =

g2v2χ
4

,

U±± =
A6 ± iA7

√
2

→ M2
U±± =

g2
(

v2ρ + v2χ
)

4
(26)

From (25), it follows that vρ = 246 GeV. Note that there is mass splitting of the charged
gauge bosons

M2
U −M2

V = M2
W (27)

The covariant derivative of the lepton triplets is

g

2
~λ ~Aµ =







g
2
(A3

µ + 1√
3
A8

µ)
g√
2
W+

µ
g√
2
V −
µ

g√
2
W−

µ
g
2
(−A3

µ + 1√
3
A8

µ)
g√
2
U−−
µ

g√
2
V +
µ

g√
2
U++
µ −g 1√

3
A8

µ






. (28)
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while for the anti-triplets we have,

g

2
~̄λ ~Aµ =







− g
2
(A3

µ + 1√
3
A8

µ) − g√
2
W−

µ − g√
2
V +
µ

− g√
2
W+

µ − g
2
(−A3

µ + 1√
3
A8

µ) − g√
2
U++
µ

− g√
2
V −
µ − g√

2
U−−
µ g 1√

3
A8

µ






, (29)

where λ̄ = −λ∗.
In the neutral gauge boson sector, in the basis (A3

µ, A
8
µ, Bµ), mass mixing matrix is

given

M2 =
g2

4









v2ρ − v2ρ√
3

−2tv2ρ

− v2ρ√
3

1
3
(v2ρ + 4v2χ)

2√
3
(v2ρ + 2v2χ)

−2tv2ρ
2√
3
(v2ρ + 2v2χ) 4t2(v2ρ + v2χ)









(30)

where t = gX
g
. We can easily identify the photon field Aµ as well as the massive bosons Z

and Z ′ [9]

Aµ = sWA3
µ + cW (

√
3tWA8

µ +
√

1− 3t2WBµ),

Zµ = cWA3
µ − sW (

√
3tWA8

µ +
√

1− 3t2WBµ), (31)

and

Z ′
µ = −

√

1− 3t2WA8
µ +

√
3tWB8

µ (32)

Masses of massive neutral gauge bosons are given by

m2
Z =

g2

4c2W
v2ρ, m2

Z′ =
g2c2W

3(1− 4s2W )
v2χ. (33)

For practical calculations, it is useful the following relations

A3
µ = cWZµ + sWAµ,

A8
µ =

√
3tW sWZµ +

√

1− 3t2WZ ′
µ −

√
3sWAµ,

Bµ = −sW

√

1− 3t2WZµ +
√
3tWZ ′

µ + cW

√

1− 3t2WAµ. (34)

Trilinear and quartic interactions of the gauge bosons are the same as in Ref. [10]

V. FERMION MASSES

With a shortened scalar content, the fermion masses originate from Yukawa cou-
plings and another part are due to effective operators. The appropriate sources of mass
for each fermion in the model are: The new quarks (exotic) get mass from the following
Yukawa couplings,

Lexot
Y uk = λJ

11Q̄1LχJ1R + λJ
ijQ̄iLχ

∗JjR +H.c.

= λJ
11(ū1Lχ

− + d̄1Lχ
−− + J̄1Lχ

0)J1R

λJ
ij(d̄iLχ

+ − ūiLχ
++ + J̄iLχ

0∗)JjR +H.c. (35)
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When the χ field develops its VEV, these couplings lead to the mass matrix in the basis
(J1 , J2 , J3),

MJ =
vχ√
2





λJ
11 0 0
0 λJ

22 λJ
23

0 λJ
32 λJ

33



 (36)

which, after diagonalization, leads to mass eigenvalues at vχ ∼ few TeV scale.
As for the standard quarks, their masses come from a combination of renormalizable

Yukawa interactions and specific effective dimension-five operators given by,

Lu
Y uk = λu

iaQ̄iLρ
∗uaR +

λu
1a

Λ
εnmp

(

Q̄1Lnρ
∗
mχ∗

p

)

uaR +H.c.

= λu
ia(d̄iLρ

− − ūuLρ
0∗ + J̄iLρ

−−)uaR

+
λu
1a

Λ

[

ū1L(ρ
0∗χ0∗ − ρ−−χ++) + d̄1L(ρ

−−χ+ − ρ−χ0∗)

+ J̄1L(ρ
−χ++ − ρ0∗χ+)

]

uaR +H.c. (37)

In the basis (u1 , u2 , u3), the up-type quarks mass matrix takes the following form

mu =
vχ

Λ
√
2





λu
11vρ λu

12vρ λu
13vρ

−λu
21vρ −λu

22vρ −λu
23vρ

−λu
31vρ −λu

32vρ −λu
33vρ



 (38)

For down quark sector, the relevant Yukawa interactions are

Ld
Y uk = λd

1aQ̄1LρdaR +
λd
ia

Λ
εnmp

(

Q̄iLnρmχp

)

daR +H.c.

= λd
1a(ū1Lρ

+ + d̄1Lρ
0 + J̄1Lρ

++)daR

+
λd
ia

Λ

[

d̄iL(ρ
0χ0 − ρ++χ−−) + ūiL(ρ

+χ0 − ρ++χ−)

+ J̄iL(ρ
+χ−− − ρ0χ−)

]

daR +H.c. (39)

In the basis (d1 , d2 , d3), the mass matrix for the down-type quarks is,

md =
vχ

Λ
√
2





λd
11vρ λd

12vρ λd
13vρ

λd
21vρ λd

22vρ λd
23vρ

λd
31vρ λd

32vρ λd
33vρ



 (40)

We remember that the highest energy scale where the model is found to be per-
turbatively reliable is about Λ = 4 − 5TeV [11]. There are 18 free Yukawa couplings to
generate masses for 6 quarks only. Thus we have enough free parameters. For a naive
analysis, it is just necessary to consider the diagonal case [6] where

mu ≈ λu
11

vχvρ
2Λ

, md ≈ λd
11

vρ√
2
, ms ≈ λd

22

vχvρ
2Λ

,

mc ≈ −λu
22

vρ√
2
, mb ≈ λd

33

vχvρ
2Λ

, mt ≈ −λu
33

vρ√
2
, (41)

where mu,md, · · · represent the masses of the quarks up, down, ..., respectively. For sake
of simplicity let us assume that Λ ≈ vχ, Λ = 5 TeV, vχ = 1 TeV, mu = 2.5 MeV, md = 4.95



8 TRAN THANH LAM et al.

MeV, ms = 105 MeV, mc = 1.26 GeV, mb = 4.25 GeV and mt = 179 GeV, we need [6]
λu
11 ≈ 10−3, λd

11 ≈ 2.8 × 10−5, λd
22 ≈ 2.1 × 10−2, λu

22 ≈ −7.24 × 10−3, λd
33 ≈ 8.5 × 10−1,

λu
33 ≈ −1.03.

Note that to guarantee the proton stability, as in Ref. [12] we should impose a
discrete Z2 symmetry over the quark fields,

QaL → −QaL, qaR → −qaR,

Finally, the charged lepton masses arise from the effective dimension five operator
[6],

Ll
Y uk =

κl
Λ

(

f c
Lρ

∗)
(

χ†fL
)

+H.c.

=
κl

Λ

[

νcLρ
− + lcLρ

0∗ + lLρ
−−] [νLχ

+ + lLχ
++ + lcLχ

0∗]+H.c. (42)

This non-renormalizable operator generates a mass term for the charged leptons ml =
vχ
2Λ

κlvρ ≈ 1

2
κlvρ. Thus, for me = 0.5 MeV, mµ = 105 MeV, mτ = 1.77 GeV, we get

ke = 2× 10−5, kµ = 4.3 × 10−3 and kτ = 7.2× 10−2.
Generation for correct neutrino mass, in this model, is still open question.

VI. CONCLUSIONS

In this paper, we have presented in details the 3-3-1 model with most economical
particle content. The minimal Higgs sector (with just two triplets) is enough to provide
masses for gauge bosons as well as all fermions, except the neutrinos. In contradiction with
the previous minimal 3-3-1 model, all Higgs masses and eigenstates are exactly obtained.
In many aspects, the model in similar to the minimal 3-3-1 model, but it contains an
advantage: a huge number of free parameters is reduced. Therefore the predictiveness of
the model under consideration is much improved.

Phenomenology of the model for the LHC will be presented elsewhere.
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