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TEMPERATURE EFFECTS ON THE PLASMON MODES OF
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Abstract. We calculate the dynamical dielectric function of doped double-layer graphene (DLG),
made of two parallel graphene monolayers with carrier densities n1, n2, respectively, and a sepa-
ration interlayer of d at finite temperature. The results are used to find the dispersion of plasmon
modes. We study the temperature effects on the DLG plasmon modes in the case of symmetric
system (n1 = n2), asymmetric system (n1 6= n2) and no free carriers in the second layer (n2 = 0).
We show that the effect of temperature on the plasmon dispersion is significant and can not be
ignored in investigating graphene properties.

I. INTRODUCTION

Graphene is a two-dimensional electron system that has attracted a great deal of
attention because of its unique electron properties [1] and its potential as a new material
for electronic technology [2, 3]. The main difference of 2D graphene compared with 2D
semiconductor system is the electronic energy dispersion. In 2D semiconductor systems,
the electron energy depends quadratically on the momentum, but in graphene, the dis-
persions of electron are linear near K, K’ points of the Brillouin zone [4]. Because of
the difference of electronic band structure, there are many graphene properties which are
significantly different from the behavior of electrons in the ordinary 2D systems [5].

In this paper, we consider the temperature effects on the plasmon mode of a DLG
system formed by two parallel single-layer graphene (SLG) separated by a distance d. The
DLG is fundamentally different from the well-studied bilayer graphene [6] because there
is no inter-layer tunneling, only inter-layer Coulomb interaction. Spatially separated two-
component DLG can be fabricated by folding an SLG over a high-insulating substrate [7].

Recently, Hwang and Das Sarma [8] have investigated the plasmon dispersion in
doped DLG at zero temperature and found the surprising results. They have shown that
the plasmon modes of an interacting DLG system are completely different from the double-
layer semiconductor quantum well plasmons. In the long-wavelength limit the density
dependence of plasmon frequency is given by (ω+

0 )2 ∝ √n1 +
√
n2 for optical plasmon

and (ω−0 )2 ∝ √n1
√
n2/(
√
n1 +

√
n2) for acoustic plasmon compared to (ω+

0 )2 ∝ N and

(ω+
0 )2 ∝ n1n2/N in ordinary 2D systems, where N = n1 + n2
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II. THEORY

In graphene, the energy dispersion near the K, K’ points of the Brillouin zone is
given by [9]:

εk,s = sνF |k|, (1)

where s = ±1 indicate the conduction (+1) and valance (-1) bands, respectively, and νF
is the Fermi velocity of graphene and ~ = 1 throughout this paper. The Fermi momentum
(kF ) and the Fermi energy (EF ) of 2D graphene are given by kF =

√
4πn/g and EF =

νFkF where n is the 2D carrier density and g = gsgν = 4 accounts for the spin (gs = 2)
and valley (gν = 2) degeneracy.

In RPA, the dynamical dielectric function of SLG becomes

ε(q, ω, T ) = 1− υc(q)Π(q, ω, T ), (2)

where υc(q) = 2πe2/κq is the 2D Fourier transform of the Coulomb potential and Π(q, ω, T ),
the 2D polarizability at finite temperature, is given by the bare bubble diagram [10]

Π(q, ω, T ) = g lim
η→0+

∑
s,s′=±1

∫
d2k

(2π)2
1 + ss′ cos(θk,k+q)

2

nF (εk,s)− nF (εk+q,s′)

ω + εk,s − εk+q,s′ + iη
, (3)

Here nF (ε) = {exp[β(ε− µ0)] + 1}−1 is the Fermi-Dirac distribution function, µ0 = µ0(T )
being the noninteracting chemical potential determined by the conservation of the total
electron density as

1

2

(
TF
T

)2

= F1(βµ0) + F1(−βµ0), (4)

where β = 1/kBT and Fn(x) is given by

Fn(x) =

∫ ∞
0

tndt

1 + exp(t− x)
. (5)

The limiting forms of the chemical potential in low and high temperature are given
by [11]

µ0(T ) ≈ EF
[
1− π2

6

(
T

TF

)2]
,

T

TF
� 1 (6)

µ0(T ) ≈ EF
4 ln 2

TF
T
,

T

TF
� 1. (7)

Recently, MacDonald and coworkers [12] have presented the following semi-analytical
expressions for the imaginary

[
ImΠ(q, ω, T )

]
and the real

[
ReΠ(q, ω, T )

]
parts of the dy-

namical polarizability:

ImΠ(q, ω, T ) =
g

4π

∑
α±

{
Θ(νF q − ω)q2f(νF q, ω)

[
G

(α)
+ (q, ω, T )−G(α)

− (q, ω, T )
]

+

+Θ(ω − νF q)q2f(ω, νF q)

[
− π

2
δα,− +H

(α)
+ (q, ω, T )

]}
, (8)
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Fig. 1. Plasmon dispersions of DLG for several layer separations at T = 0 (bold
dotted lines),T = 0.5TF (bold dashed lines) and T = TF (bold solid lines). The
thin lines indicate the plasmon dispersion of SLG with the same density and
temperature. Here we use the parameters: n1 = n2 = 1012cm−2 and (a)d =
20Å(kF d = 0.35), (b)d = 100Å(kF d = 1.8), (c)d = 300Å(kF d = 5.3) and (d)d =
500Å(kF d = 8.9)

ReΠ(q, ω, T ) =
g

4π

∑
α±

{−2kBT ln
[
1 + eαµ0/(kBT )

]
ν2F

+

+Θ(ω − νF q)q2f(ω, νF q)
[
G

(α)
− (q, ω, T )−G(α)

+ (q, ω, T )
]

+

+Θ(νF q − ω)q2f(νF q, ω)

[
− π

2
δα,− +H

(α)
− (q, ω, T )

]}
, (9)

where

f(x, y) =
1

2
√
x2 − y2

, (10)

G
(α)
± (q, ω, T ) =

∫ ∞
1

du

√
u2 − 1

exp
( |νF qu±ω|−2αµ0

2kBT

)
+ 1

, (11)



48 DINH VAN TUAN, NGUYEN QUOC KHANH

H
(α)
± (q, ω, T ) =

∫ 1

−1
du

√
1− u2

exp
( |νF qu±ω|−2αµ0

2kBT

)
+ 1

. (12)

The DLG dielectric function is obtained from the determinant of the generalized dielectric
tensor and has the following form

εDLG(q, ω, T ) = ε1(q, ω, T )ε2(q, ω, T )− υ12(q)υ21(q)Π1(q, ω, T )Π2(q, ω, T ). (13)

Here ε1(q, ω, T ) and ε2(q, ω, T ) are the dynamical dielectric functions of individual layers
given by the Eq.(2), υ12(q) = υ21(q) = 2πe2 exp(−qd)/(κq), with κ is the background
lattice dielectric constant, are the interlayer Coulomb interaction matrix elements.

The spectrum of the collective excitations is obtained from the zeros of the real part
and the imaginary part of the double-layer dielectric function describes the damping of
collective modes.

III. NUMERICAL RESULTS

III.1. Symmetric System

As shown in Fig. 1, the frequency of the acoustic mode ω− decreases compared with
the SLG plasmon mode at the same temperature, while the optical mode ω+ shifts to higher
energy. For low temperatures, the acoustic mode ω− approaches the ω = νF q line (dot-
dashed line) in the high-energy region. More interestingly, when T < TC (TC ≈ 0.6TF ),
the acoustic mode ω− is below that at zero temperature, while for T > TC , both acoustic
and optical modes are above those at zero temperature. Furthermore, as T increases
(T > TC) both acoustic and optical modes shift to higher energy. As d increases both the
acoustic mode ω− and the optical mode ω+ in the low-frequency region approach the SLG
plasmon at the same temperature. For large momentum (q > kF ), we find that the mode
dispersion is unchanged when d > 100Å.

]

Fig. 2. The plasmon modes of DLG at several momentum values and fixed layer
separation d = 100Å
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In Fig. 2, we show the temperature effect on the plasmon mode dispersion at several
momentum values and fixed layer separation d = 100Å. When T < T0 (T > T0) (T0 ≈
0.4TF ) the acoustic mode ω− decreases (increases) when the temperature T increases.

The Fig. 2 shows that in the case of low momentum, the optical mode ω+ decreases
and then increases while it only increases in the cases of large momentum. The Fig. 2
also shows that the high temperature plasmon modes are dramatically different from the
zero temperature ones especially in the case of large momentum.

Fig. 3. Plasmon dispersions of DLG for different temperatures and layer densities.
Here we use n1 = 1012cm−2 and d = 100Å

III.2. Asymmetric System

In Fig. 3 we observe that the plasmon dispersion is almost unchanged at high
temperature (T ≈ TF ). As n2/n1 decreases, the zero temperature acoustic mode ω−
approaches the boundary of the intraband single-particle excitation (SPEintra) but it
shifts, however, to higher energy when the temperature increases. In Fig. 3(d) we show the
DLG plasmon modes at zero temperature for several separations in the case of n2/n1 = 0,
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i.e., the second layer is undoped and the first layer has a finite density n1 = 1012cm−2.
It is seen from the figure that the acoustic mode ω− is degenerate with the boundary of
SPEintra (i.e. ω = νF q), while the optical mode ω+ is degenerate with the SLG optical

mode below the SPE1,2
intra. As d → 0 the dispersion of ω+ becomes exactly that of SLG

plasmon with the same density.

Fig. 4. The DLG plasmon modes for unequal densities at several momentum
values and fixed layer separation d = 100Å

As shown in Fig. 4, the acoustic mode ω− ships to low energy at low temperature
when n2/n1 decreases. The DLG plasmon modes are unchanged at high temperature. In
the low temperature and large momentum region, the acoustic mode ω− approaches the
ω = νF q line. The Fig. 4(b) also show that the optical plasmon mode ω− for n2 = 0 and
q = 2kF suddenly drops and then increases at low temperature (T ≈ 0.05TF )

IV. CONCLUSIONS

In this paper, we have investigated the temperature effect on the plasmon dispersion
mode of doped DLG, made of two parallel graphene monolayers with carrier densities
n1, n2, and a separation interlayer of d. Our results show that the effect of temperature
on the plasmon dispersion is significant and can not be ignored in investigating many
graphene properties.
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