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Abstract. We present a calculation of the distribution of two-dimensional electron gas (2DEG)
along the quantization direction in an AlGaN/GaN modulation-doped heterostructure (MDHS).
The main confinement sources from ionized donors, 2DEG and polarization charges are prop-
erly taken into account. We show that the 2DEG distribution near the MDHS interface depends
strongly on the model of potential barrier in use. Within the ideal model of infinite potential bar-
rier, the 2DEG distribution near the interface is increased with a rise of the sheet densities of
2DEG and polarization charges. On the contrary, this distribution is decreased within the realistic
model of finite potential barrier. Since the key mechanisms limiting the 2DEG mobility in MDHS
are alloy disorder and surface roughness scatterings that are very sensitive to the near-interface
2DEG distribution, with a rise of the sheet densities of 2DEG and polarization charges the 2DEG
mobility is decreased within the infinite-barrier model, while increased within the finite one.

I. INTRODUCTION

Group-III nitride-based heterostructures (HSs) have attracted many intense inves-
tigations because of their promising potential for high-voltage, high-power, and high-
temperature microwave applications. [1] The mobility of two-dimensional electron gas
(2DEG) is a characteristic property of the performance of high electron mobility transis-
tor structures, [2] and it, in AlGaN/GaN HSs, depends strongly on their parameters such
as temperature, 2DEG density, and alloy composition.

As well known, [1] polarization is an important property of nitride-based HSs. The
polar HSs possess a high sheet density of polarization charges bound on the interface.
Recently, we have shown [3] that the interface polarization charges take the three-fold
role as the ionized impurities do. These charges on a rough interface are a carrier supply
source into HSs, but also a confining source as well as a scattering mechanism for the
carriers in polar HSs. The 2DEG mobility in AlGaN/GaN polar MDHSs was measured
and calculated in decades. [4–12] However, there are several drawbacks in the previous
calculations. [4, 7, 8, 10, 11] The interface polarization charges were taken into account
only as a carrier supply source, but often ignored as confining and scattering sources. In
addition, the ionized impurities as a confining source were also omitted.

The aim of this paper is to present a theoretical study on electron distribution in
AlGaN/GaN MDHSs that takes properly the effects of all possible confining sources into
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account. The paper is organized as follows. In Sec. II, the electron distribution in Al-
GaN/GaN MDHSs is determined by all confining sources, inclusive of interface polarization
charges. In Sect. III, we formulate the basic equations for calculation of low-temperature
transport in MDHSs limited by AD and SR scattering. In Sect. IV, we examine the
dependence of 2DEG mobility on the sheet polarization charge density as well as 2DEG
density observed in AlGaN/GaN and AlN/GaN MDHSs. At last, a summary is given in
Sec. V.

II. ELECTRON DISTRIBUTION IN MDHSs

II.1. Variational wave function in HSs of finite potential barrier

At low temperature, the 2DEG is assumed to primarily occupy the lowest sub-
band. It was shown [13–15] that for a finitely deep triangular quantum well, the 2DEG
distribution may be very well described by a Fang-Howard wave function, [16]

ζ(z) =

{
Aκ1/2 exp(κz/2) for z < 0,

Bk1/2(kz + c) exp(−kz/2) for z > 0.
(1)

Here κ and k are half the wave numbers in the barrier and channel layers, respectively.
The envelope wave function in Eq. (1) exhibits a peak ζpeak = ζ(zpeak) at

zpeak =
2− c
k

. (2)

The wave function of the lowest subband, namely its wave vectors k and κ, is to
minimize the total energy per electron, which is determined by the Hamiltonian:

H = T + Vtot(z), (3)

where T is the kinetic energy, and Vtot(z) is the overall confining potential.

II.2. Confining potentials in polar MDHSs

The carrier confinement in a polar HS is fixed by all possible confining sources
located along the growth direction, viz., potential barrier, interface polarization charges,
Hartree potential created by ionized impurities and 2DEG:

Vtot(z) = Vb(z) + Vσ(z) + VH(z). (4)

The potential barrier of some finite height V0 located at z = 0 reads as [3]

Vb(z) = V0 θ(−z), (5)

with θ(z) as a unity step function. It is well known [1, 17–20] that the potential due to
positive polarization charges bound on the interface given by [3]

Vσ(z) =
2π

εa
eσ|z|, (6)

with σ as their total sheet density. Here εa = (εb + εc)/2 is the average value of the
dielectric constants of the barrier (εb) and the channel (εc). Next, we calculate the Hartree
potential induced by the ionized donors and 2DEG in the HS. The Hartree potential may
be represented in the form [5,9, 12,14,15,21,23]

VH = VI + Vs. (7)
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The first term is the potential due to remote donors

VI(z)=EI+
4πe2nI
εa

 0 for z <−zd,
(z+zd)2/2Ld for−zd<z<−zs,
z+(zd+zs)/2 elsewhere.

(8)

Here the sheet donor density is nI = NILd with NI is the bulk (per unit volume) density
of donors. The zs = Ls and zd = Ls +Ld, with Ls and Ld as the thicknesses of the spacer
and doping layers, respectively.

The second term is the potential due to 2DEG, determined by the sheet electron
density ns and their distribution, i.e., the variational parameters entering the electron
wave function as follows:

Vs(z) = −4πe2ns
εa

{
f(z) for z < 0,
g(z)+z+f(0)−g(0) for z > 0,

(9)

where by definition:

f(z) =
A2

κ
eκz, (10)

and

g(z) =
B2

k
e−kz

[
k2z2 + 2k(c+ 2)z + c2 + 4c+ 6

]
. (11)

II.3. Total energy per electron in the lowest subband

We now turn to the total energy per electron for the 2DEG occupying the ground-
state subband. The expectation value of the Hamiltonian reads as [33]

E0(k, κ) = 〈T 〉+ 〈Vb〉+ 〈Vσ〉+ 〈VI〉+ 〈Vs〉. (12)

For the kinetic energy, with the use of the wave function from Eq. (1), it holds:

〈T 〉 = − ~2

8mz

[
A2κ2 +B2k2

(
c2 − 2c− 2

)]
, (13)

where mz is the out of-plane effective mass of the GaN electron. And for the potentials
related to the barrier and the polarization charges bound on the interface, we have

〈Vb〉 = V0A
2, (14)

and

〈Vσ〉 =
2πeσ

εa

[
A2

κ
+
B2

k

(
c2 + 4c+ 6

)]
. (15)

Next, the average potential due to charged impurities is given by

〈VI〉=EI+
4πe2nI
εa

{
d+s

2κ
+

A2

κ(d− s)

[
χ2(d)−χ2(s)

− dχ1(d)+sχ1(s)+
d2

2
[χ0(d)−1]− s

2

2
[χ0(s)−1]

]
+
B2

k
(c2 + 4c+ 6)

}
, (16)



330 DINH NHU THAO AND NGUYEN THANH TIEN

with s = κLs and d = κ(Ld + Ls) as the dimensionless doping sizes. Here we introduced
an auxiliary function:

χn(x) = 1− e−x
n∑
l=0

xl

l!
, (17)

with n = 0, 1, 2, ... as an integer. Lastly, for the 2DEG potential, it holds:

〈Vs〉 = −4πe2ns
εa

[
A2

κ
− A4

2κ
+
B2

k
(c2 + 4c+ 6)

−B
4

4k

(
2c4 + 12c3 + 34c2 + 50c+ 33

)]
, (18)

For infinite confinement, the minimization of the total energy per electron leads to
a simple expression for the channel wave vector in the ground state:

k =

{
24πmze

2

~2εa

[
(σ/e) + 2nI −

15

24
ns

]}
. (19)

III. LOW-TEMPERATURE ELECTRON MOBILITY IN AlGaN/GaN
MDHS

III.1. Basic equations

The electrons moving along the in-plane are scattered by various disorder sources,
which are normally characterized by some random fields. Scattering by a Gaussian random
field is specified by its autocorrelation function (ACF) in wave vector space 〈|U(q)|2〉. [2]
Hereafter, U(q) is a 2D Fourier transform of the unscreened potential weighted with the
lowest-subband wave function:

U(q) =

∫ +∞

−∞
dz |ζ(z)|2U(q, z). (20)

The inverse transport lifetime (scattering rate) at low temperatures are then represented
in terms of the autocorrelation function for each disorder as follows: [24,25]

1

τ
=

1

2π~EF

∫ 2kF

0
dq

q2

(4k2F − q2)1/2
〈|U(q)|2〉
ε2(q)

, (21)

Here, q denotes the momentum transfer by a scattering event in the interface plane,
q = |q| = 2kF sin(θ/2) with θ as an angle of scattering. The Fermi wave number is fixed
by the sheet electron density: kF =

√
2πns, and EF = ~2k2F/2m∗, with m∗ as the in-plane

effective mass of the GaN electron. The dielectric function ε(q) is evaluated within the
random phase approximation. [2, 15]

At low temperatures [10, 11, 23] the electrons in a polar MDHS are expected to
experience the following main scattering mechanisms: (i) alloy disorder (AD) and (ii)
surface roughness (SR). The overall transport lifetime is then determined by the ones for
individual disorders in accordance with Matthiessen’s rule:

1

τtot
=

1

τAD
+

1

τSR
. (22)
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III.2. Alloy disorder (AD)

The ACF for AD scattering is given in terms of the barrier wave number κ as
follows: [3, 13,14]

〈|UAD(q)|2〉 = x(1− x)u2alΩ0
A4κ

2

[
e−2κLa − e−2κLb

]
. (23)

Here x is the alloy composition in the barrier, Lb is its thickness, ual is the alloy potential
ual ∼ ∆Ec(1), [14] and Ω0 is the volume occupied by one atom. [31]

It is to be noticed that for large enough barrier thicknesses, the second term in
Eq. (23) is negligibly small. Thus, AD scattering is determined mainly by the first term
proportional to ζ4(z = −La), i.e., by the value of the wave function near the interface.

III.3. Surface roughness (SR)

The ACF for surface roughness scattering is given as follows [2]

〈|USR(q)|2〉 = |FSR(t)|2〈|∆q|2〉. (24)

Here FSR is the form factor for SR scattering connected with roughness of the
potential barrier, determined as follows [2, 23,32]

FSR = 〈V ′σ〉+ 〈V ′I 〉+ 〈V ′s 〉, (25)

with V ′ = ∂V (z)/∂z. The calculation of the average forces is straightforward with the use
of the lowest-subband wave function from Eq. (1). These read as follows.

For polarization charges of sheet density σ:

〈V ′σ〉 =
4πe2

εa

σ

2e

(
1− 2A2

)
. (26)

For remote ionized impurities of sheet density nI:

〈V ′I 〉 =
4πe2nI
εa

{
1−A2 − A2

d− s
[
χ1(d)

−χ1(s)− dχ0(d) + sχ0(s)
]}
. (27)

For the 2DEG distribution of sheet density ns:

〈V ′s 〉 = −4πe2ns
εa

[
1−A2 +

A4

2
−B

4

2

×
(
c4 + 4c3 + 8c2 + 8c+ 4

)]
. (28)

IV. RESULTS AND CONCLUSIONS

In this section, we are dealing with the estimation of the confinement effect on the
electron wave function from all electrostatic sources, viz., interface polarization charges,
2DEG, and remote ionized donors. It is well-known that a change in the alloy composition
x implies a change in many other quantities, such as the barrier height V0(x), sheet po-
larization charge density σ(x), 2DEG density ns(x), and, may be, roughness profile ∆(x),
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Λ(x). [9,12] Thus, for an apparent illustration in academic study, we assume provisionally
one parameter varied, while the others fixed.

In the literature [7,10–12,22,23] one often adopted the ideal model of infinite barrier,
based on the standard Fang-Howard wave function. [2,16] This simplified essentially math-
ematics of the transport theory and was a good approximation for some scattering mech-
anisms by, e.g., ionized impurities and phonons that are insensitive to the near-interface
2DEG distribution. However, in the case under consideration, the key mechanisms are AD
and SR that are very sensitive thereto. Thus, we examine the confinement effect within
the realistic model of finite barrier, based on the modified Fang-Howard wave function. [13]
The barrier height in AlGaN/GaN MDHS is provisionally fixed, assumed to be equal to
the conduction band offset for x = 0.3: V0 = 0.45 eV.

In Figs. 1 and 2, we display the modified Fang-Howard wave function ζ(z) under
a modulation doping of bulk donor density NI = 6 × 1018 cm−3, thickness for doping
Ld = 150 Å, and spacer Ls = 70 Å. In Fig. 1, this is plotted for a 2DEG density
ns = 0.5 × 1013 cm−2 and various sheet polarization charge densities σ/e = 0, 0.5, 1, 5
(1013 cm−2), while in Fig. 2 for a polarization charge density σ/e = 1013 cm−2 and various
2DEG densities ns = 0, 0.1, 0.5, 1 (1013 cm−2). In Fig. 3, we draw the modified Fang-
Howard wave function for thickness for doping Ld = 150 Å, spacer Ls = 70 Å, a 2DEG
density ns = 0.5× 1013 cm−2, a polarization charge density σ/e = 1013 cm−2 and various
donor densities NI = 1, 5, 10× 1018 cm−3.
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Fig. 1. Wave function ζ(z) in AlGaN/GaN MDHS for various sheet polarization
charge densities σ/e = 5× 1012, 1013, 5× 1013 cm−2, labeled a, b, c, respectively.
Solid lines refer to the finite-barrier model and dashed lines to the infinite one.

As seen from Figs. 1, 2, and 3 the peak of the electron wave function (2DEG peak),
ζpeak, is located in a channel region near the interface plane. Figure 1 reveals that within
the finite-barrier model the 2DEG peak is lifted with a rise of the sheet polarization charge
density σ, but from Fig. 2, lowered with a rise of the 2DEG density ns. According to Eqs.
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Fig. 2. Wave function ζ(z) in AlGaN/GaN MDHS for various sheet 2DEG densi-
ties ns = 1012, 5×1012, 1013 cm−2, labeled a, b, c, respectively. The interpretation
is the same as in Fig. 1.
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Fig. 3. Wave function ζ(z) in AlGaN/GaN MDHS for various donor densities
NI = 1018, 5 × 1018, 1019 cm−3, labeled a, b, c, respectively. The interpretation
is the same as in Fig. 1.

(1) and (2) the 2DEG peak is given by ζpeak = (
√

2/ exp 1)k. With k from Eq. (19), this
exhibits clearly the same behavior as in the infinite-barrier model. Figure 3 reveals that
the 2DEG peak is lowered with a rise of the donor density NI within the finite-barrier
model, but lifted within the infinite-barrier one.
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The variation of the 2DEG peak with a rise of the charge density of some confining
source is a result of combination of the opposite effects due to the potential barrier and the
electrostatic force from this source. The latter effect depends on the position of its charges
in respect to the 2DEG. An evident example is the attraction from ionized donors located
in a space (barrier) different from that of the 2DEG (channel). The wave function is then
shifted left (towards the barrier), thus because of the normalization of the wave function
the 2DEG peak is lowered. On the other hand, the potential barrier prevents this left
shift, the 2DEG is squeezed, thus its peak is lifted. In the finite-barrier model where the
wave function can penetrate through the interface plane, the barrier effect is less than the
donor one, so the 2DEG peak is lowered. However, in the infinite-barrier model where the
penetration is impossible, the former is larger than the latter, so the 2DEG peak is lifted.
This behavior is opposite to the lowered 2DEG peak in the case of uniform doping, [33]
where the donors are located in the channel, i.e., the same space with the 2DEG.

Furthermore, owing to the repulsion among electrons the z-confinement is more
relaxed with a rise of the 2DEG density, thus the 2DEG peak is lowered with a rise of
ns in both the barrier models as stated above. This is in contrast to the behavior of the
wave function in the infinite-barrier model given earlier [7] that the 2DEG peak is lifted
with larger ns. The 2DEG peak lifting was inferred from fitting of the electron wave
function to the 2DEG mobility under the assumption that the mobility must be limited
extra by interface impurities of a high density σII ∼ 2 × 1013 cm−2, but that concept
was indicated [34, 35] to be very suspect even at a much lower interface impurity density
σII ∼ 1011 cm−2.

At last, for σ > 0 the polarization charges located on the interface plane can cause
the attraction of electrons on two sides, in the channel and in the barrier. Due to the
attraction of the barrier electrons towards the channel, the left shift of 2DEG is more
prevented with larger σ. Hence, in both barrier models the z-confinement is more enhanced
with a rise of σ, so the 2DEG peak is lifted.

Based on detail consideration, we concluded that the infinite barrier model is only
applicable for scatterings that are insensitive to the near-interface 2DEG distribution, e.g.,
ionized impurities and phonons. For scatterings sensitive thereto, as alloy disorder and
surface roughness, the finite barrier model must be applied.

V. SUMMARY

We calculated the 2DEG distribution along the quantization direction in an Al-
GaN/GaN MDHS. In the calculation we took into account all the main confinement sources
from ionized donors, 2DEG and polarization charges. We then considered the dependence
of the distribution on the sheet polarization charge density, the 2DEG density as well as
donor density. We saw that the 2DEG distribution near the MDHS interface depends
strongly on the model of potential barrier in use. Moreover, we saw its contrary behaviour
with a change of the sheet densities of 2DEG and polarization charges, depending on the
height of potential barrier is infinite or finite.
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