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Abstract. We calculate the stochastic chemical evolution of pre-galactic clouds as a means to
constrain the degree of mixing in the early Galaxy. We employ a model based upon the colddark-matter paradigm for hierarchical galaxy formation. We argue that a significant dispersion in
the metallicity for the alpha elements as a function of heavy elements is unavoidable for models
with realistic stellar nucleosynthesis yields and a reasonable initial mass function. Although the
calculated scatter in light-element abundance can be reduced by restricting the stellar initial mass
function. The observed lack of dispersion requires inevitably requires that extensive mixing of the
supernova eject containing alpha elements to have occurred. We use the difference between the
observed and calculated dispersion of alpha to determine the degree of mixing of the early Galaxy.
We argue that the large dispersion for heavy r-process elements suggests that they arise from rare
events which did not have time to mix during the formation of the Galactic halo.

I. INTRODUCTION
The oldest and most metal-poor stars in the Galaxy reside in the Galactic halo. As
such, these stars are an important probe of the early evolution of the Galaxy. For this
reason many studies have investigated the trends in the chemical, spatial, and kinematic
properties of low-metallicity halo stars [1–16]
The Galaxy is thought to have assembled from cold dark matter haloes (e.g., [17]).
that originated from primordial density fluctuations. These accreted primordial gas began
to merge and form the stars that make up the present Galactic halo. Indeed, such Cold
dark matter (CDM) models are consistent with the observed kinematics of the Galactic
halo [18, 19]. As the mergers continued, material also collected into the Galactic disk
where continuous star formation and stellar nucleosynthesis has evolved the elemental
abundances to those of the present Galaxy. Although this scenario is widely accepted, the
extent of mixing and star formation in the early Galaxy is still unknown. Here, we propose
that variations in the dispersion of heavy-element abundances can be used to probe not
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only the degree of star formation and mixing in the early Galaxy, but also to identify the
stellar site for the nucleosynthesis of some elements.
The basic trends of metallicity [Z/H] as a function of [F e/H] can be understood in
terms of relatively simple galactic chemical evolution models [20]. However, the dispersions
in metallicity for stars with the same [F e/H] is a more challenging problem. Observations
indicate variations in the observed dispersion for different elements that range from almost
no dispersion for many alpha and iron-group elements, to a dispersion of more than two
orders of magnitude for the heavy r-process elements at very low metallicity [F e/H] < −3]).
The existence of this latter large dispersion has led to the suggestion that the lowestmetallicity stars were the result of mixing of the ejecta from single, or at most a few,
supernovae,with a limited amount of gas in the parent clouds [3, 21–24]. On the other
hand, the small very dispersion among α-elements like Mg/Fe [13] would seem to indicate
the occurrence efficient mixing of the stellar ejecta among the different regions in which
these elements were synthesized in the early Galaxy [10, 12, 14]. In the present work we
seek to develop a unified framework in which the degree of this mixing can be quantified
and the large dispersion for some elements explained.
Chemical evolution models that have treated these early stages still lack a complete
picture that includes all chemical and dynamical effects. There are, however, some phenomenological stochastic models [7, 8, 15, 16, 25–31, 34, 35] which can reproduce some of
the observed dispersion in elemental abundances. In this paper we make use of the results
from the realistic model of [15, 16] which incorporates the metallicity dependent stellar
ejecta of [36] and finite stellar lifetimes in a stochastic star-formation scenario.

II. THE MODEL
Details of the stochastic chemical evolution model have been presented in [15, 16].
Here we summarize the main features for completeness. The main features of hierarchical
galaxy formation are incorporated along with several key assumptions. These include: 1)
In the first zero-metallicity clouds, the first-generation stars are born as population III
(Pop III) stars. These explode and the clouds that survive are enriched by their expelled
yields; 2) Star formation is induced by supernovae, mainly Type II (SNeII) based upon
the model of [31]; 3) Each individual supernova is taken to form a shell which expands
with an average velocity and and triggers star formation with an average efficiency  over a
timescale ∆t; 4) The mass of the shells is the sum of the whole SNII gas and the swept-up
surroundings. The metallicity is then given by a complete mixture of both metal contents;
5) The metallicity-dependent SN II yields are taken from the stellar models of [36]; 6) The
stellar initial mass function (IMF) can differ according to various conditions within the
cloud.
The chemical evolution of the baryon component of individual clouds in the mass
range of 105 to 108 M is treated as a one-zone closed box [32] assuming that all stars
initially form within the clouds by SN-induced star formation (e.g., [31]. For a given cloud,
at t = 0, the initial rate at which mass goes into stars is
ψ(t = 0) = Msh (m, 0)/∆t ,

(1)
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where  is the star formation efficiency denoting the mass fraction of the shell that is
used up in forming stars during the interval ∆t. The  parameter was adjusted in [15] to
reproduce the observed [2] shift in slope of the elemental abundance ratios for three irongroup elements below [Fe/H] ∼ −2.4 and also the age-metallicity distribution for extreme
metal-poor stars. The quantity Msh (m, t) is the mass of the supernova shell formed at
time t, from a progenitor star of mass m. It is given by :
Msh (m, t) = Ej (m, Z) + Msw ,

(2)

where Msw ∼ 5 × 104 M [3, 31, 33] is the mass of the interstellar gas swept up by the
expansion.
Ej (m, Z) is the mass of ejected material from SNe of progenitor mass m and metallicity Z of the shell from which it was formed. The metallicity in the ejected shell Zsh (m, t)
is given by:
He
Zsh (m, t) = 1 − [xH
(3)
sh (m, t) + xsh (m, t)]
He
with xH
sh and xsh denoting the fractions of H and He within the shell, given by,
H
H
xH
sh (m, t) = [y (m, t) + xgas (t)Msw ]/Msh (m, t) ,

(4)

He
xHe
(m, t) + xHe
gas (t)Msw ]/Msh (m, t) ,
sh (m, t) = [y

(5)

where y H and y He are the mass of ejected H and He, respectively, from the explosion. We
will refer to these quantities as the “yields”. They are metallicity and time dependent.
He
The quantities xH
gas and xgas are the fractions of H and He in the interstellar gas at the
time of formation of the shell t, respectively. This fraction is given for any element xigas
by:
xigas (t) = Mi (t)/Mg (t) .
(6)
The star formation rate (SFR), ψ(t), is derived from a sum over shells that form at
time t. It thus depends on the SFR at the time the progenitor star formed, ψ(t − τm ),
where τm is the lifetime of the progenitor.


Z mu
φ(m)
ψ(t − τm )dm
(7)
ψ(t > 0) =
Msh (mi , 0)
m
max(mt ,10)
where φ(m) is the IMF normalized in the usual way
Z mu
φ(m)dm = 1 .

(8)

ml

The quantities ml = 0.1 and mu = 40 M , denote the lower and upper mass limits for the
IMF. The lower mass limit for stars that produce type-II SNe is taken to be 10 M . The
quantity mt in the lower integration limit of Eq. (7) is the mass of a star with lifetime
t, as measured from the time of formation of the first shell. Since the ejected mass from
SNe changes with progenitor metallicity, Ej (m, Zsh ) in Eq. (2) must be replaced with an
average over stars of mass m and different values of Zsh , which explode at time t:


Z mu
0
0
0
0
(9)
hMej (m, t)i =
dm (φ(m )/m )mej (m, Zsh (m , t − τm ) ,
max{m(t−τm ),10}
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where, m0 is the mass of the progenitor which produces the shell from which m is formed,
and mej (m, Zsh (m0 , t − τm )) is the mass ejected from the star with mass m and metallicity
Zsh (m0 , t − τm ). The quantity (t − τm ) is the time of formation of a star of mass m and
0 . Similarly, the yields of an individual y is
lifetime τm
i


Z mu
0
0
0
(10)
hyi (m, t)i =
dm u φ(m )/m yiej (m, Zsh (m0 , t − τm )),
max{m(t−τm ),10}

and yiej (m, Zsh (m0 , t − τm )) is the mass of
mass m and metallicity Zsh (m0 , t − τm ).

the element i ejected from stars with progenitor

The change in gas mass with time is:
Z mu
dMg
= −ψ(t) +
dm[φ(m)/m] × Mej (m, t)ψ(t − τm ) .
dt
max(mt ,ml )

(11)

Here, the first term in this equation is the SFR, equal to the amount of gas going into
stars at time t. It is derived from Eq. (7). The second term accounts for the enrichment of
the ISM by ejecta from stars whose life ends at time t. The change in the mass of element
i in the gas is:
Z mu
dMi
=−
dm[φ(m)/m] × Msh (m, t)xi (m, t)ψ(t − τm )
dt
max(mt ,10)
Z mu
(12)
+
dm[φ(m)/m] × yi (m, t)ψ(t − τm ) .,
max(mt ,ml )

where the first term is the rate at which element i is incorporated into stars at time t, and
the second term is the rate at which it is added to the ISM as stellar ejecta.
This model utilized the stellar yields of [36] for high- mass stars that are more-or-less
consistent with the yields of [37] [38] and [39]. Therefore this model complementary to the
models of [7, 8] who made a similar stochastic study. For intermediate stellar masses the
standard nucleosynthesis yields of Renzini and Voli [40] were used along with the Type-Ia
SN yields of [42]. A variety of initial mass functions were studied in [15]. We have found,
however, that the elemental dispersions of relevance the present discussion are largely
insensitive to the adopted stellar yields or IMF employed unless an arbitrary cut off if the
IMF is added at high mass as described below.
III. RESULTS AND DISCUSSION
Simulations in [15] were evolved for for 5 Gyr with SNIa contributing after a delay
of 1 Gyr to allow for the usual progenitor and binary evolution time. Stochastic elemental
abundances were recorded for every shell. The model produces a small number of stars at
low metallicity, and without mixing, shows a considerable dispersion in the [X/Fe] ratios.
There are two problems with a straightforward application of the model. For one, the
observed enhancement of alpha elements relative to iron at low metallicity is not achieved.
The other is that the observed narrow dispersion of the alpha elements is not reproduced.
To some extent both of these issues can be improved, as pointed out in [15,16], by reducing
the iron yields by about a factor of two. This is a reasonable approach as the cut-off mass
shell within the supernova core is not known and mainly affects the ejected iron abundance.
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Fig. 1. Abundances of some alpha elements from the model of [15] for a model
in which the ejected Fe yields are reduced by a factor of 2 from those of model C
in [36]. Data are from [3] (triangles) and [41] (circles). The small (dots) show the
distribution of model stars.

Figure 1 shows some results for [α/Fe] vs. [Fe/H] from simulations described in [15]
that were run for a model in which the Fe yield is reduced by a factor of 2 (small dots).
These are compared with two sets of observational data, Ryan et al. [3] (triangles) and
Norris et al. [41] (circles). The observed values show an over-abundance relative to solar,
and a scatter that is significant at all values of [Fe/H], larger at the lowest abundances.
There is also a peculiar trend in the data whereby some stars which appear to have
increasing [α/Fe] with decreasing [Fe/H] which shows up as an extension in the data. This
behaviors is apparent in the abundances of Mg, Ca, and Si. On the other hand, Ti shows
a scatter that is almost constant over the metallicity range.
The narrow band of elements with high [Mg/Fe] were affected by the ejecta of the
most massive stars. It has been shown [16] that this can be removed by limiting the IMF
to stars with M < 35 M . Even after reducing the range of the IMF, however, we find
that the dispersion in the alpha elements is too large from the simulations. For example,
[Mg/Fe] near [Fe/h]∼ −3 shows a calculated dispersion σ which reduces from 0.35 to 0.20
when the most massive stars are removed. This, however, is still much larger than the
observed dispersion [14] of σ = 0.10. This result is similar to other studies (e.g., [8] which
found that such stochastic models tend to predict too much scatter (e.g. for O and Mg)
and fail to reproduce the trends of other elements.
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Here, we argue, however, that this excess calculated dispersion can be used to
estimate the extent of mixing in the proto-galactic clouds. Consider a simple model in
which some fraction fmix of the clouds are completely mixed so that their abundance
is the average abundance
and their dispersion is reduced to zero. In this
the cloud
P
P case
2
2 =
variance σclouds
= [Xi2 − X̄i2 ] reduces to an observed variance of σobs
Xi2 (1−fmix )+
fmix X̄i2 − X̄i2 . Then the dispersion of the resultant distribution will be reduced to
p
σobs = (1 − fmix )σclouds ,
(13)
where σclouds is the dispersion calculated without mixing. For the present case in point,
then the observed reduction in the dispersion by a factor of 2 to 3 would require rather
extensive mixing of fmix ∼ 70 − 90%.
Even though the alpha elements are observed to have a narrow dispersion, one must
still take into account the fact that other elements, such as the r-process elements, show
a broad dispersion [43]. This can be attributed to the face that these are rare events and
therefore do not occur in every supernova and do not have a chance to mix. This modifies
the mixing fraction such that for elements which are only produced by progenitor stars in
the limited range from m1 to m2 the effective mixing parameter becomes:
 R m2

i
m1 mφ(m)dm
.
(14)
fef f = fmix R 35
10 mφ(m)dm
In this way the actual dispersion observed changes to
q
i
σobs
= (1 − fef f )σclouds ,

(15)

If the r-process elements are only produced in a narrow range of stars, e.g. for m = 10 − 11
M , then the mixing efficiency reduces to only about 2%. In other words, even though
every cloud will have alpha elements, not every cloud will have r-process ejecta, so that
even after 70-90% of the clouds mix, a large dispersion in r-process elements will remain.
Hence, we conclude that the observed dispersion or lack thereof (for alpha elements)
can be used to deduce not only the degree of mixing in the the early galaxy, but also the
rang of masses which can lead to the production of rare events like the r-process.
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