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Abstract. In this paper we present the Einstein equation extended in six-dimensions (6D) from the
formalism of codimension-2 brane, which is created by a 4-brane and 4-anti brane moving in the
warped 6D bulk space-time. The system of equations of motion for the dynamical codimension-
2 brane has been derived to describe the cosmological evolution on the probe branes. Some
cosmological consequences are investigated.
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I. INTRODUCTION

Besides the extended models of Standard Model (SM) and Standard Cosmology, the ex-
tra dimensions have been considered as the ways to investigate both old and open problems of
Particle physics and Cosmology, in the new physics beyond the SM to unify gravity with gauge
interactions [1–3]. Particularly, in the brane-world theories, the D-brane inflation in warped com-
pactification has attracted much attention recently [4, 6]. In that case, the inflation is identified
as the separation between a brane and an antibrane, which is described by codimension-2 brane
coupled to bulk metric [7, 8].

In this paper we consider the time and external spatial-dependent dimensions in a warped
six-dimensional bulk. Based on the form of the brane-world energy momentum tensor proposed by
Shiromizu et al. in five dimensions (5D) [9], the theory to the codimension-2 brane was extended
to six dimensions (6D). Here 4-brane and 4-anti brane have been assumed to be an Anti de Sitter
(AdS) space. The Einstein equations in 6D show that the velocities, the curvature and the geometry
of extra space affect the evolution of Universe.
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To describe the motion of two 4-branes moving in 6D Schwarzschild-AdS space, we con-
sider the dynamical codimension-2 brane in a static bulk. The constrain relating of scalar factors
in (1, 3+2) space is directly derived from these equations of motion.

A question which has also attracted recently much attention [10–12] is whether inflation
is triggered by the energy density in the bulk or in the branes. We try discussing dynamics of
inflation in the case where the matter content of the codimension-2 brane dominates that of the
bulk.

This paper is organized as follows. In Sec. II we present the Einstein equation extended in
six dimensions from the formalism of codimension-2 brane. The dynamical codimension-2 brane
in a static bulk have been considered in Sec. III, where the system of equations of motion was
derived. Sec. IV is devoted to discussing some cosmological consequences when the brane and
antibrane energy density dominate that of the bulk. The conclusion is given in Sec. V.

II. FORMALISM

We start from the dynamical bulk metric in six dimensional space - time

ds2 =−n2dt2 +R2(t,z)dΣ
2
k +χ

2(t,z)dzdz̄ (1)

where z = y1 + iy2, with y1, y2 are two extra dimensions, dΣ2
k represents the 3 dimensional spatial

section metric.
We assume that the geometry of our theory is the 6D Riemann manifold. At y1 = 0 or y2 = 0

this manifold contains two 5D space - time, the 6D metric was compactified and considered by the
4D effective theory.

We impose y1 =η sinφ , y2 =η cosφ , here η and φ are the polar coordinates of two external
dimensions, which could be compactified on a dimensional sphere (S2/Z2) [11].

Two probe brane and antibrane may be add in the bulk and can be centred around the axis
of symmetry, like as around one of the background codimension - 2 brane.

We focus the cosmological dynamics on the brane and antibrane (located at y1 = y2 = 0) of
the bulk metric, where the scalar factor R, χ of (1,3+2) dimensions depend on both the time and
two extra dimensions, i.e.

ds2 =−n2dt2 +R2(t,η ,φ)

(
dr2

1− kr2 + r2 (dθ
2 + sin2

θdϕ
2))+χ

2(t,η ,φ)
(
dη

2 +η
2dφ

2) (2)

where k = −1, 0, 1 is the curvature corresponding to the hyperbolic, flat and elliptic spaces,
respectively.

We assume that the energy - momentum tensor, which satisfies the Einstein equation

GMN = κ
2
6 TMN (3)

can be decomposed in two parts corresponding to the bulk and the branes as

T M
N = T M

N |Bulk +T M
N |branes (4)

where the Latin letters denote the 6D indices M,N = 0,1,2,3 (4D) and 5, 6 (for two extra dimen-
sions)

T M
N |Bulk = diag(−ρB,−ρB,−ρB,−ρB,−ρB,−ρB) (5)
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Here the energy density ρB is a constant, κ6 is related with the 6D gravitational constant G6 and
the fundamental scale M(6) by

κ
2
6 = 8πG(6) = M−4

(6) (6)

T M
N |branes just is the energy - momentum tensor on the codimension - 2 brane

T M
N |brane =

δ (ρ)

χ
diag(−ρb, p, p, p, p, p̂,0) (7)

and

T M
N |antibrane =

δ (φ −π)

ρχ
diag(−ρb, p, p, p,0, p̂) (8)

where p is the pressure in 3D space, ρb is the energy density and p̂ - pressure in the extra brane
and antibrane directions.

The Einstein equations extended in 6D take the form

3

[(
Ṙ
R

)2

+

(
R′η
R

)
+

(
R′φ
R

)2

+ k
n2

R2

]
+

( χ̇

χ

)2

+

(
χ ′η
χ

)2

+

(
χ ′

φ

χ

)2


−3

(
R′′ρ
R

+
R′′

φ

R

)(
χ ′′η
χ

+
χ ′′

φ

χ

)
−3

ṅ
n

Ṙ
R
−2

ṅ
n

χ̇

χ
+6

Ṙ
R

χ̇

χ
= κ

2
6 ρB

(9)

2
R̈
R
+2

χ̈

χ
−

(
R′′η
R

+
R′′

φ

R
+

χ ′′η
χ

+
χ ′′

φ

χ

)

+

( Ṙ
R

)2

+

(
χ̇

χ

)2

+3
(

R′η
R

)2

+

(
χ ′η
χ

)2

+

(
χ ′

φ

χ

)2

+
k

R2


−3

ṅ
n

Ṙ
R
−2

ṅ
n

χ̇

χ
+4

Ṙ
R

χ̇

χ
= κ

2
6 p.

(10)

By using the conditions (7) and (8), we derive the equations on the brane and antibrane,
respectively

3
R̈
R
+

χ̈

χ
−3

R′′
φ

R
+3

( Ṙ
R

)2

+

(
R′η
R

)2

+

(
R′

φ

R

)2

+
k

R2


−3

ṅ
n

Ṙ
R
− ṅ

n
χ̇

χ
+3
(

Ṙ
R

χ̇

χ
+

R′η
R

χ ′η
χ

)
= κ

2
6 p̂.

(11)

3
R̈
R
+

χ̈

χ
−3

R′′ρ
R

+3

( Ṙ
R

)2

+

(
R′η
R

)2

+

(
R′

φ

R

)2

+
k

R2


−3

ṅ
n

Ṙ
R
− ṅ

n
χ̇

χ
+3

(
Ṙ
R

χ̇

χ
+

R′
φ

R

χ ′
φ

χ

)
= κ

2
6 p̂.

(12)
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It shows that the evolution of Universe depends on the velocities a(t) = Ṙ
R , b(t) = χ̇

χ
,

c(t) = ṅ
n ; on the curvature and the geometry of extra space. However, these equations can not

be integrated analytically.

III. DYNAMICAL CODIMENSION - 2 BRANE IN A STATIC BULK

We consider the motion of codimension 2 brane as the separation between a brane and
antibrane moving in 6D Schwarzschild - AdS (SAdS6) space, whose metric is given by

ds2 =−h(z)dt2 +
z2

L2 dΣ
2
κ +h−1(z)dzdz̄. (13)

We focus on configuration, where the symmetry in the brane and antibrane directions are
maximum, and dzdz̄ = dη2 +η2dφ 2, z = |η |. So we have

h(η) = k+
η2

L2 dΣ
2
k−

M(6)

η4 . (14)

In the Schwarzschild coordinates, the metric (13) reads

ds2 =−h(η)dt2 +
η2

L2 dΣ
2
κ +h−1(η)dη

2. (15)

where

dΣ
2
κ =

dr2

1− kr2 + r2 (dθ
2 + sinθ

2dϕ
2)+(1− kr2)η2dφ

2 (16)

Comparing (16) with the metric (1) yields

n =
√

h(η); R =
η2

L2 ; χ =
√

h−1(η). (17)

Applying Israel junction conditions [12] for two moving branes[
KM

N
]
=−κ

2
6

(
T M

N −
1
4

ThM
N

)
(18)

where T ≡ TMNgMN ; hN
M is the induced on each 4-branes. Similarly to the case of five dimensions

(5D) for z = η(t), one have got [13]

− h′−2η̈√
h2 + η̇2

=−κ
2
6

(
3
4

ρb− p
)
, (19)

−2

√
h+ η̇2

η
=

κ2
6

4
ρb. (20)

The Friedmann - type equation in six dimensions takes the form

2
η̈

η
+3
(

η̇

η

)2

=−3
κ4

6
64

ρ
2
b +

κ4
6

8
pρb−3

k̇
η2 −

5
L2 (21)

The last term in (21) corresponds to energy - momentum tensor in the codimension -
2 brane.

Since δ (ρ) = 0, δ (φ −π) = 0 in the bulk, then

κ
2
6 Tηη = κ

2
6 Tφφ = κ

2
6 Λ6, (22)
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where Λ6 is the 6D bulk cosmological constant.
The L size of SAdS6 space is determined from

κ
2
6 Λ6 =−

10
L2 . (23)

To describle the motion of codimension - 2 brane as two 4-branes living in a 6D space -
time, we consider the metric (1), where the position of codimension - 2 brane at any bulk time t is
noted by z = η(t). The proper time in each brane is defined by

n2(t)ṫ2−χ
2 (t,η(t)) η̇

2 =1, (24)

n2(t)ṫ2−η
2
χ

2 (t,η(t)) φ̇
2 =1, (25)

where ṫ = dt
dτ

, η̇ = dη

dτ
, φ̇ = dφ

dτ
.

The metric on the brane takes the form

ds2 =−dτ
2 +R2(t,η)dΣ

2
3 +χ

2(t,η)dη
2 (26)

Similarly, on the antibrane it reads

ds′2 =−dτ
2 +R2(t,η)dΣ

2
3 +η

2
χ

2(t,η)dφ
2 (27)

The extrinsic curvature tensor on codimension 2 brane is given by [14]

κ
M
N = hL

M∇LnN = h′LM∇Ln′N (28)

where n and n′ are unitary vector fields normal to the brane and antibrane world - sheet

hMN = gMN−nMnN ;h′MN = gMN−n′Mn′N . (29)

We introduce the unitary velocity vectors corresponding to these branes

uM = {ṫ,0,0,0, η̇ ,0}, (30)

u′M = {ṫ,0,0,0,0, η̇}. (31)

Due to the conditions

gMNnMnN = 1, gMNnMnN = 0, (32)

gMNn′Mn′N = 1, gMNn′Mn′N = 0 (33)

the componets of unit vector fields are determined

nM =−{nχη̇ ,0,0,0,nχ ṫ,0} , (34)

nM =−
{

n′χηη̇ ,0,0,0,0,nχη ṫ
}
. (35)

By using the metric (25), (26) for the brane and the antibrane, we can find the components
of the extrinsix curvature (see Appendix A).

Applying the Darmoris - Israel condition

κMN =−κ
2
6 TMN , (36)
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where the energy - momentum tensor TMN on each brane is defined by (18) and was given in (7),
(8), we obtain the system of equation of motion of codimension - 2 brane

χ2χ̇η̇3−χη̈√
1+χ2η̇2

−
√

1+χ2η̇2

n

(
ṅη̇χ−

dηn
χ
− η̇

2 (χdηn−ndη χ)

)
=−

κ2
6

8
(3(ρb + p)+ p̂) , (37)

dηR
χR

√
1+χ2η̇2 =−

κ2
6

8
(ρb + p− p̂) (38)

1
χ

(
dηη

η
+

dη χ

χ

)√
1+χ2η̇2 =−

κ2
6

8
(ρb−3(p− p̂)) (39)

In the case of a 4-brane, this approach leads to result equivalent to that obtained for static
brane in a dynamical bulk [15].

It is easily to see that the static 4-brane and 4-antibrane (ṅ = η̇ = χ̇ = 0) are special cases
of codimension 2-brane. Futhermore, it is shown that the contribution of matter on branes (p̂ 6= 0)
is significantly in the evolution of Universe.

Combine (38) and (39), we derive the relation of scalar factors R(t,η) and χ(t,η) in a
(1,3+2) dimensional bulk (see Appendix B)

R =C [ηχ](ρb+p+p̂)/(ρb−3(p−p̂)) (40)

where C is an integration constant.
If R(η) = χ(η) =

η

L
then the 6D bulk has S4 symmetry and a 6D SAdS black hole solu-

tion [16]

IV. SOME COSMOLOGICAL CONSEQUENCES

Let us discuss the consequences when assume that Friedmann - type equation

2
η̈

η
+3
(

η̇

η

)2

=−3
κ4

6
64

ρ
2
b −

κ4
6

8
pρb−3

k
η2 +

κ2
6

3
Λ6 (41)

can be applied to our present universe. The energy density ρb is rewritten as a fraction of the
critical density ρc which is usually defined by

ρc =
3H2

8πG(6)
(42)

such that
ρb = Ωρc (43)

and

H2 =
8πG(6)

3
ρb−

k
η2 +

Λ6

3
(44)

Equation (41) becomes

2Ḣ +5H2 =− 1
64

λ
2H2

Ω
2 (3+8ω)−3

k
η2 +

κ2
6

3
Λ6 (45)
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where

λ =
MpH
M2

(6)
(46)

M2
p =

(
8πG(6)

)−1
= 2M4

(6)R(6) (47)

here the crossover distance R(6) between two regimes is [17]

R(6) =
Mp

2M2
(6)

(48)

The left hand side of Eq. (11) can be expressed in terms of acceleration parameter defined
by

q =−
(

2äa
3ȧ2

)
now

(49)

so that (
2Ḣ +5H2)

now = 3(1−q)H2 (50)

Since the cosmological observations constrain |q| to be of the order 1 (Ωnow being of the
order 1) then the present matter content has influence to the dynamic of its geometry if λ was
at least of order 1, when sixth dimension radius is of the order the present Hubble radius. A
possible way out is to assume that the bulk term dominated in Eq (41) drive the dynamics of our
universe [18].

Extending directly the investigation in 5D [15], we focus on the case where the matter
content of codimension - 2 brane dominated that of the 6D bulk. The initial conditions in early
Universe suggest [14] that the branes inflation might require almost empty bulk following the
condition

ρbulkM−2
(6) < ρbranes. (51)

The universe dynamics will be dominated by the brane and antibrane energy density rather
than the bulk pressure p = ωρb, which satisfies the condition

ρbulk�
ρ2

b

M2
(6)

. (52)

That means the domination of codimension - 2 brane over bulk energy density might be
imposed on a typical distance scale of order M2

(6)

ρbulkR(6)� ρbranes (53)

If the nature bound ρb ≤M3
(6) then

H ∼M−2
(6)ρb ≤M(6). (54)

The inflation mass, which must be less than H during inflation in order to fulfil slow - roll
condition, will be less than the fundamental scale M(6).
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V. CONCLUSION

In the above sections, we have presented a formalism for the probe codimension-2 brane in
a warped six-dimensional space-time.

The Einstein equations have been extended in 6D, which shows that the cosmological evolu-
tion depends on the velocities, the curvature and the geometry of extra space. The system of equa-
tions of motion of 4-brane and 4-antibrane was derived when we consider dynamical codimension-
2 brane in a static bulk. In the Schwarzschild coordinates, the 6D bulk has S4 symmetry and a
SAdS6 black hole solution. Some cosmological consequences was discussed in the case where
codimension-2 brane energy density dominated that of the bulk. This mechanism can drive the
dynamics of Universe. In the case of 6D, the Hubble radius might be less than the fundamental
scale M(6).

It is expected that this formalism could pave the way for better understanding of various
physical phenomena of high energy physics.
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APPENDIX

Appendix A. The components of the extrinsic curvature

Kττ =−nχ ṫη̈ +nχη̇ ẗ−
ṫdηη

χ
+ η̇

2ṫ (χdηn−ndη χ) (A.1)

Krr =Kθθ = Kϕϕ =
dηR
χR

√
1+χ2η̇2 (A.2)

Kηη =
dηη

χη

√
1+χ2η̇2 (A.3)

Kφφ =
dη χ

χ2

√
1+χ2η̇2 (A.4)

Substituting ṫ, ẗ from Eq. (23) in to Eq. (35), Kττ is written as

Kττ =
χ2χ̇η̇3−χη̈√

1+χ2η̇2
−
√

1+χ2η̇2

n

(
ṅη̇χ−

∂ηn
χ
− η̇

2 (χdηn−ndη χ)

)
. (A.5)

Appendix B. The equation of motion of codimension - 2 brane

Kττ =−
κ2

6
8
(3(ρb + p)+ p̂) (B.1)

dηR
χR

√
1+χ2η̇2 =−

κ2
6

8
(ρb + p− p̂) (B.2)

1
η

(
dηη

η
+

dη χ

χ

)√
1+χ2η̇2 =−

κ2
6

8
(ρb−3(p− p̂)) (B.3)

Division (B.2) by (B.3) yields
dηR

R
=

ρb + p− p̂
ρb−3(p− p̂)

(
dηη

η
+

dη χ

χ

)
(B.4)

lnR =
ρb + p− p̂

ρb−3(p− p̂)
lnηχ + lnC (B.5)

R =C(ηχ)(ρb+p−p̂)/(ρb−3(p−p̂)) (B.6)

where C is an integration constant.
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