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GRAVITATIONAL SCALAR FIELD IN 5-DIMENSIONAL

KALUZA-KLEIN SPACETIME
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Abstract. In this work the results obtained earlier by the other authors for Gravitational Scalar

Fields related to Generally Covariant Duality are extended for the case of Kaluza-Klein Unification

model. The equations for these fields are derived explicitly by the use of tetrad postulate and their

relation to the scalar field in the metric is considered.

I. INTRODUCTION

The construction of unification models of all fundamental interactions based on
General Relativity in high-dimensional space-time has been a research direction of actual
character in particle physics during the last decades. In particular, the problem of extra-
dimensions has been attracted special attention. The pioneer works by Kaluza and Klein
[1] have been considered as a meaningful attempt in this direction. On the other hand,
in their recent works [2-5] the authors have introduced the conception of covariant Wedge
products and generally covariant Duality in the tetrad formalism. In particular some
special scalar fields of gravitational character have been introduced. In this spirit, following
the line of unification models based on general relativity with extra-space dimensions, some
aspects related to Kaluza-Klein was considered like metrics. The aim of this work is to
extend the above mentioned results to the case of Kaluza-Klein Unification model in 5-
dimentional space-time and to consider the possibility of attaching the gravitational scalar
fields to that in Kaluza-Klein metric.

II. 5-DIMENSIONAL LEVI-CIVITA TENSOR

The Kaluza-Klein metric for the gravitational electromagnetic unification model has
been taken in the form

GAB(x) = W (ϕ)

(

gµν(x) + Aµ(x)Aν(x)ϕ(x) Aµ(x)ϕ(x)
Aν(x)ϕ(x) ϕ(x)

)

(1)

where Aµ(x) is electromagnetic field, ϕ(x) is some scalar field, gµν(x) is 4-dimensional
metric, W (ϕ) is some rescaling factor, A, B, denote 5- dimensional Lorentz indices, A,
B = 0, 1, 2, 3, 5 and µ, ν denote 4- dimensional Lorentz indices, µ, ν = 0, 1, 2, 3. Explicitly
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equation (1) means:

Gµν(x) =W (ϕ) (gµν(x) + Aµ(x)Aν(x)ϕ(x))

Gµ5(x) =G5µ(x) = W (ϕ)Aµϕ(x)

G55(x) =W (ϕ)ϕ(x)

(2)

These metric components can be expressed in terms of the tetrad satisfying the
relation

GAB(x) = ηMNq
(M )
A (x)q

(N)
B (x)

ηMN = diag(1,−1,−1,−1,−1)
(3)

by putting

ηabq
(a)
µ q(b)

ν = W (ϕ)gµν, ηab = diag(1,−1,−1,−1,−1), a, b = 0, 1, 2, 3

q(5)
µ = iAµ(Wϕ)

1

2

q
(a)
5 = 0, q

(5)
5 = i(Wϕ)

1

2

(4)

The corresponding Levi Civita tensors can be constructed as following:

εABCDE(x) = eMNPQRq
(M )
A (x)q

(N)
B (x)q

(P )
C (x)q

(Q)
D (x)q

(R)
E (x)

εABCDE(x) = eMNPQRqA
(M )(x)qB

(N)(x)qC
(P )(x)qD

(Q)(x)qE
(R)(x)

(5)

where eMNPQR and eMNPQR are fully anti-symmetric tensors with ε01235 = ε01235 = +1.
We now put

εABCDE(x) = eABCDE .B(x)

εABCDE(x) = eABCDE .C(x)
(6)

where B(x) and C(x) are some one-component fields transforming according to the law

B′(x′) = JB(x), C′(x′) = J−1C(x) (7)

under general transformation

xA
→ x′A = fA(x)

where J stands for the determinant of the 5 × 5 matrix with ∂x′A

∂xB as element on row A

and column B,

J ≡ D

(

x′

x

)

≡
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The formula (7) shows that B(x) and C(x) are scalar fields with respect only to transfor-
mations with J = 1 but not to general transformation. Note also that the field defined
as

F (x) ≡ B(x).C(x) =
1

5!
εABCDE(x)εABCDE(x) (8)

is scalar with respect to general transformation. The inverse formulae of (6) are:

B(x) =
1

5!
eABCDEεABCDE(x)

C(x) =
1

5!
eABCDEεABCDE(x)

(9)

The possibility of using this field as ϕ(x) in Kaluza-Klein metric (1) will be discussed in
the last section.

III. BASIC EQUATIONS

In this section we derive the basic equations for B(x) and C(x) defined by the
formulae (6), following the method analogous to that of Ref. [5].

From the tetrad postulate for covariant derivative

DBq
(M )
A (x) = 0 (10)

and the tetrad structure (5), it follows immediately:

DF εABCDE(x) = 0, DF εABCDE(x) = 0 (11)

The equations (11) lead to the following equations for B(x) and C(x) defined by (9):

(∂A + ΓD
AD)B(x) = 0

(∂A − ΓD
AD)C(x) = 0

and therefore
{

�
(5)

− ηABΓC
ACΓD

BD + ∂AΓC
AC

}

B(x) = 0
{

�
(5)

− ηABΓC
ACΓD

BD − ∂AΓC
AC

}

C(x) = 0
(12)

where ΓC
AC is 5- dimensional affine connection,

ΓA
BC =

1

2
GAD(∂BGDC + ∂CGDB − ∂DGBC)

�
(5) ≡ ∂A∂A is 5- dimensional Dalembert operator.

To calculate the quantities entered the equation (12) we will use the well known
formula

ΓC
AC =

1

2G
∂AG (13)

where G denotes the determinant of the metric tensor GAB , which for the case (1) equals

G = W 5(ϕ)ϕg

g ≡ det(gµν)
(14)
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The 4- dimensional metric gµν is traditionally decomposed as

gµν(x) = ηµν + hµν(x) (15)

where hµν(x) is referred to as gravitational field, and hence, g ≈ −(1 + h
µ
µ) up to first

order in hµν .
Furthermore, let us restrict ourselves to effective theory approximation, where the

metric tensor is considered not to depend on the extra coordinate x5. In this case, the
calculations give (up to first order in hµν(x)):

ηABΓC
ACΓD

BD =
1

4(W 5ϕ)2
∂µ(W 5ϕ)

{

∂µ(W 5ϕ) + 2(W 5ϕ)∂µh
}

∂AΓC
AC =

1

2
∂µ

{

1

W 5ϕ
∂µ(W 5ϕ) + ∂µh

}

h ≡ ηµνhµν

(16)

Let us consider two following special cases of the rescaling factor W (ϕ)
1) W (ϕ) = 1
Equations (12) and (16) then give:

{

� −
1

4ϕ2
∂µϕ(∂µϕ + 2ϕ∂µh) +

1

2
�(ln ϕ + h)

}

B(x) = 0

{

� −
1

4ϕ2
∂µϕ(∂µϕ + 2ϕ∂µh) −

1

2
�(ln ϕ + h)

}

C(x) = 0

(17)

2) W (ϕ) ∼ ϕ−5

Equations (12) and (16) then give:

(� +
1

2
�h)B(x) =0

(� −
1

2
�h)C(x) =0

(18)

These equations have the similar form as those for 4- dimensional space-time obtained in
Ref. [5].

IV. METRIC SCALAR FIELD

In this section we consider the possibility of using the gravitational scalar field
defined by (8) as the scalar field appeared in Kaluza-Klein metric (1). For definiteness
let us put the rescaling factor to be W (ϕ) = 1 . We start from the metric compatibility
condition

DAGBC = ∂AGBC − ΓD
ABGDC − ΓD

ACGBD = 0 (19)

For the component G55 this implies:

∂5G55 − 2(Γ5
55G55 + Γµ

55Gµ5) = 0 (20)

∂µG55 − 2(Γ5
µ5G55 + Γν

µ5Gν5) = 0 (21)
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For the affine connections the calculations give:

Γ5
55 =

1

2
(ϕ−1 + A.A)∂5ϕ −

1

2
Aν [2∂5(Aνϕ) − ∂νϕ]

Γ
µ
55 = −

1

2
Aµ∂5ϕ +

1

2
gµν[2∂5(Aνϕ)− ∂νϕ]

Γ5
µ5 =

1

2
(ϕ−1 + A.A)∂µϕ −

1

2
Aν [∂µ(Aνϕ) − ∂ν(Aµϕ) + ∂5(gµν + AµAνϕ)]

Γν
µ5 = −

1

2
Aν∂µϕ +

1

2
gνρ[∂µ(Aρϕ) − ∂ρ(Aµϕ) + ∂5gρµ]

(22)

where A.A ≡ AµAµ ≡ gµνAµAν .
With the expressions (22) the condition (20) is satisfied identically, while the condition
(21) becomes:

Aνϕ.∂µ(AµAνϕ) = 0 (23)

or
(A.A).Aµϕ.∂5ϕ = 0 (24)

when the electromagnetic field Aµ does not depend on x5 .
The condition (24) will be satisfied for any ϕ not depending on x5 . In particular it

would be the component F (0) in the Fourier expansion of F (x):

F (x) =
∞
∑

n=−∞

F (n)(xµ)e
in x

5

R5 , 0 ≤ x5
≤ 2πR5

where R5 is the radius of compactification circle for extradimension x5.

V. CONCLUSION

In this work we have considered some aspects of Kaluza-Klein metric related to the
unification model with higher dimensional space-time. The main result obtained is that
concerning the scalar field appearing in the metric, showing that this field would be of
originally gravitational character. In this paper only preliminary results were found, the
physical meaning of the scalar field will be clarified in next study.
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