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Abstract. In this work we review in part of our recent theoretical study on the electrical inten-
sity enhancement in the dielectric medium surrounding metallic nanoparticles due to the effect
of their localized surface plasmon resonance (LSPR). The known results in the case of a simple
metallic spherical nanoparticle are presented and then extend them to the general case of complex
network of the identical spherical metallic nanoparticles. For illustration, several typical lattices
of identical spherical metallic nanoparticles will be treated. The findings of electrical intensity
enhancements and plasmonic resonance wavelengths of the single and the network of the metallic
nanoparticles are obtained based on the analytical expressions. The theoretical results were com-
pared and shown the good agreement with simulation results. The simulation of the LSPRs and
the electrical intensity enhancements was performed using the boundary element method.
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I. INTRODUCTION

Localized surface plasmon resonance (LSPR) is known to be responsible for the electrical
intensity enhancement, which determines the optical and spectroscopy properties and has led to
advances in several areas of the science and technology such as nano-scale sensing and modern
analytical techniques based on spectroscopy applications [1-9]. These resonances, associated with
noble metallic nanostructures, create sharp spectral absorption and scattering peaks as well as
strong near-field enhancement of the electromagnetics. Among these is the detection of molecules
interactions near the particle surface through shifts in the LSPR spectral peak, namely surface-
enhanced Raman spectroscopy (SERS) [3-9]. The formation of inter-particle of noble metallic
nanoparticles in the dielectric medium constitutes the basis for inter-particle plasmonic coupling
responsible for SERS signal amplification, but understanding of its correlation with inter-particle
spatial properties, particle sizes and the refractive indices of the surrounded media, remains elu-
sive. Our previous work presented the basics of the theory of the light enhancement due to the
LSPR effect in the metallic nanoparticles [10]. In this work we review in part of theoretical study
on the electrical intensity enhancement in the dielectric medium surrounding metallic nanopar-
ticles due to the effect of their LSPR. The simulations of using the boundary element method
embedded in MNPBEM toolbox [11,12] are presented to confirm the findings of theoretical re-
sults and they have shown the good agreements. The achieved results of the electrical intensity
enhancements for the single and coupled metallic nanoparticles embedded in dielectric medium in
this work may provide a general guide line for plasmonic-based metallic nanoparticles design.

II. THEORETICAL ANALYSIS

For the description of the electromagnetic fields, the physical state of the electromagnetic
fields are completely given by:

H (r, t) = ∇ × A(r, t) (1)

E (r, t) =
i

k
√

εm
∇ × H (r, t) (2)

where εm is the dielectrical constant of the medium and k =
√

εm
ω

c =
√

εm
2π

λ
[13, 14].

II.1. Single metallic spherical nanoparticle
Suppose that there exists a metallic spherical nanoparticle with radiusρ , and denote by ε (λ )

the effective dielectric constant or electric permittivity of the metallic material with respect to the
electrical field in the monochromatic electromagnetic radiation with the wavelength λ , by εm that
of the dielectric medium surrounding the metallic nanoparticle. It was known that the electrical
field:

E0 (r, t) = ei(kr−ωt)E0,k =
2π

λ
(3)

of the linearly polarized monochromatic incident light induces following electrical dipole moment
p(R, t) inside the metallic spherical nanoparticle with the center located at some point R in the
space [14]:

p(R, t) = 4πεmρ
3L(λ )E0 (r, t) , (4)
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where

L(λ ) =
ε (λ )− εm

ε (λ )+2εm
(5)

The induced electrical dipole moment located at some point R emits into the surrounding
space the electromagnetic radiation which will be called the induced electromagnetic field de-
scribed by the vector potential Aind (r, t) or by a set of the induced electrical field Eind (r, t) and
induced magnetic field Hind (r, t). It was shown that near the location of the induced dipole mo-
ment (4) the vector potential Aind (r, t)has the form

Aind (r, t) = − ik
4π
√

εm

eik|r−R|

|r−R|
p(R, t) (6)

It follows that the induced electrical filed Eind (r, t) equals

Eind (r, t) =
1

4πεm
e−iωteikReik|r−R|

×

{
[[nΛ p] Λn ]

k2

|r−R|
+[3(np)n − p]

(
1

|r−R|3
− ik

|r−R|2

)} (7)

where

n =
r−R
|r−R|

. (8)

At a point r very near to the metallic spherical nanoparticle, k |r−R| � 1, Eq. (7) has
following approximate form

Eind (r, t) = e−iωteikR 3(np)n − p
4πεm

1

|r−R|3
. (9)

For the evident expression of the relationship between the induced electric field Eind (r, t) at
a point r outside the metallic spherical nanoparticle and the electric field E(0) (R, t) of the incident
light at the point Rcoinciding with the center of the metallic spherical nanoparticle we chose this
center to be the origin of the coordinate system (R = 0) and the vector r to be parallel to E(0).
Then combining eqs. (4), (5), and (7), we have

Eind (r, t) = χ (λ ,d)E(0) (0, t) (10)

where d = r−ρ.
χ (λ ,d) versus to the wavelength λ at different distances d for the metallic spherical nanopar-

ticle is the electric field enhancement, so that, χ2 (λ ,d) is called the intensity enhancement.

II.2. Network of identical metallic spherical nanoparticles
Here we determine the enhanced electrical field in the spatial region surrounding a network

of identical metallic spherical nanoparticles when this network is illuminated by a linearly polar-
ized monochromatic light beam. Being induced by the electrical field of the incident light, each
metallic nanoparticle as a dipole moment itself emits the electromagnetic radiation into the sur-
rounding space. Therefore, the total electrical field at any point r nearby but outside the metallic
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nanoparticles must be the superposition of the electrical emitted by the induced electrical dipole
moments p(Ri, t) and that of the incident light beam:

E(tot) (r, t) = E(0) (r, t)+∑
i

E(i)
ind (r, t). (11)

However, the total electrical filed E(tot) (Ri, t) acting on the induced electrical dipole mo-
ment p(Ri, t) located at the point Ri is the superposition of the electrical field E(0) (Ri, t) of the
incident light and the electrical fields E( j)

ind (Ri, t) in the electromagnetic radiations emitted by other
induced electrical dipole moments p(Ri, t), j 6= i:

E(tot) (Ri, t) = E(0) (Ri, t)+∑
j 6=i

E(i)
ind (Ri, t). (12)

Because this total electrical field induces the electrical dipole moment p(Ri, t), according
to Eq. (4) we have

p(Ri, t) = 4πεmρ
3L(λ )E(tot) (Ri, t) (13)

Let us write the induced dipole moment Eq. (13) in the form

p(Ri, t) = ei(kRi−ωt)p(i) (14)

From the Eq. (7) it follows that

E( j)
ind (Ri, t) =

1
4πεm

ei(kR j−ωt)eik|Ri−R j|

×


[
p( j)−

(
ni j p( j)

)
ni j
] k2

|Ri−R j|
+
[
p( j)−3

(
ni j p( j)

)
ni j
]
×
(

ik

|Ri−R j|2
− 1

|Ri−R j|3
) 

(15)

where

ni j =
R j−Ri∣∣R j−Ri

∣∣ . (16)

III. RESULTS AND DISCUSSION

III.1. Theoretical results
Figure 1(a) shows the analytical result of intensity enhancement at the surface (d = 0) of

single gold spherical nanoparticle surrounding by the titania medium for several nanopartilce radii,
defined by the factor χ2 (λ ,d) in Eq. (12). The dielectric constant of gold was experimentally
measured by Johnson and Christy [15]. As can be seen, as the size of gold nanoparticle increases,
the intensity enhancement increases, the resonant wavelength locates at ∼650 nm. At plasmon
resonance, strong electric intensity localizes at the surface of gold nanoparticle, for example, gold
radius ρ = 10 nm, at wavelength ∼650 nm, the electric intensity is ∼1000 times bigger than the
incident intensity. Fig. 1(b) shows the intensity enhancement vs. distance d for the radius ρ =
10 nm, and excitation wavelength λexc = 650 nm. The intensity enhancement decays quickly for
increasing the distance d.

Consider first the simplest example case of a network of two identical gold spherical nanopar-
ticles with the radius ρ located at the distance l (l ≥ 2ρ) as depicted in the inset of Fig. 2(a). This
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system is called a dimer. The intensity enhancements (normalized by the intensity enhancement
of a single nanoparticle with same size) at the center of a dimer are defied by

Fd
|| =

(
1

1+η

)2

(17)

and

Fd
⊥ =

(
1

1−α

)2

(18)

for the incident polarizations of parallel and perpendicular to the inter-particle axis, respectively,
with

η =
ρ3

l3 L(λ )eikl (1− ikl− k2l2) (19)

and

α = 2
ρ3

l3 L(λ ) ∑
j 6=0

eik| j|

| j|3
(1− ikl | j|) (20)

Fig. 1. (a) Intensity enhancement versus excitation wavelength at the surface (d = 0) for
the spherical gold nanoparticles with different radii; (b) maximum intensity enhancement
versus distance d for the spherical nanoparticle with ρ = 10 nm.

For the radius ρ = 10 nm and distance l = 25, the normalized intensity enhancement of the
dimer depends on the excitation wavelengths and plotted in Fig. 2(a) for both polarizations. The
plasmon resonances are ∼ 695 nm and ∼ 625 nm for polarization of parallel and perpendicular,
and at resonances, the normalized intensity enhancements are ∼ 12.5 and 2.0 times, respectively.
Fig. 2(b) shows the dependence of the maximum values of the normalized intensity enhancements
for both polarizations on the distance between two centers of two gold spherical nanoparticles d,
it decays quickly for increasing the distance d.

The second simple example of a network of identical metallic sphere nanoparticles is a
linear chain depicted in the inset of Fig. 3(a). In the case of infinite linear chain and the polarized
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incident wave with the electrical field parallel to the direction of the chain, the normalized intensity
enhancement at the center of the chain is given by:

Fc
|| =

(
1

1−α

)2

(21)

where

α = 2
ρ3

l3 L(λ ) ∑
j 6=0

eik| j|

| j|3
(1− ikl | j|) . (22)

and in the case of linearly polarized incident wave with the electrical field perpendicular to the
direction of the chain, the normalized intensity enhancement is given by:

Fc
⊥ =

(
1

1+β

)2

(23)

with

β =
ρ3

l3 L(λ ) ∑
j 6=0

eik| j|

(
1

| j|3
− ikl

| j|2
− k2l2

| j|

)
. (24)

Fig. 2. (a) Intensity enhancement of the dimer with ρ = 10 nm, l = 25 nm for both
polarizations. (b) Dependence of the intensity enhancement of the dimer with ρ = 10 nm
on the ratio l/2ρ .

According to Eqs. (21) and (23), the numerical calculations of intensity enhancements have
been done for several numbers of identical gold spherical nanoparticles with the radius ρ = 10 nm
and the distance of two nearest ones l = 25 nm, the intensity enhancement is stable when N = 9
as shown in Fig. 3(a).

The third network, which would be more often used, is that of a two-dimensional square
lattice of identical gold spherical nanoparticles. Due to the translational invariance of the infinite
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Fig. 3. Intensity enhancement of a chain (a) and the square networks (b) of gold spherical
nanoparticles with radius ρ = 10 nm and the distance of two nearest ones l = 25 nm.

square lattice, the solution for the network of infinite square lattice of identical gold spherical
nanoparticles is given by:

Fn =

(
1

1− ς

)2

(25)

where

ς =2
ρ3

l3 L(λ ) ∑
j 6=0

eik| j|

| j|3
(1− ikl | j|) +2

ρ3

l3 L(λ ) ∑
j′>0

∑
j 6=0

eik
√

j2+ j′2

( j2 + j′2)3/2

×

{
2 j2− j

′2

j2 + j′2

(
1− ikl

√
j2 + j′2

)
+ k2l2 j

′2

}
,

(26)

The intensity enhancement at the center of the square network of NxNgold spherical nanopar-
ticles with N = 3, 7, 11, and 15 are shown in Fig. 3(b). Other more complicated networks of
identical metallic spherical nanoparticles can also be considered in a similar manner. From the
expressions of the induced electrical dipole moments p(i) of the metallic spherical nanoparticles,
it is now straightforward to calculate the total electrical field E(tot) (r, t) of the resulting electro-
magnetic radiation in the space by using Eqs. (12)-(15).

III.2. Simulation results
The simulation of the surface plasmon resonance band and the intensity enhancement was

performed using MNPBEM toolbox [11, 12], which involved setting up the gold nanoparticles’
boundary conditions and the titania medium surrounding the gold nanoparticles to calculate the
optical scattering/absorption cross sections (SCS/ACS) and also the intensity enhancement pat-
terns around the nanoparticles. Figures 4 and 5 show the simulation results for single and dimer of
gold nanoparticles, respectively. The simulation results have good agreement with the theoretical
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Fig. 4. (a) Scattering and absorption cross sections of the single gold nanoparticle im-
mersed in the titania medium; (b), (c) and (d) 2D-views and 3D-views of intensity en-
hancement of single gold nanoparticle with radius of 10 nm, 30 nm, and 50 nm, respec-
tively, under the excitation wavelength λexc = 650 nm.

results as shown in Figs. 1 and 2 in resonant wavelengths and the electrical intensity enhance-
ments. As seen in Fig. 4(a), the SCS/ACS peaks locate at around 650 nm, which fits to theoretical
results as shown in Fig. 1(a). Even the intensity enhancement and SCS units are different, but their
tendencies on the radii of gold nanoparticles have shown the similar. That mean, increasing the
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radius of gold nanoparticle, the intensity enhancement and SCS increase. Figs. 4(b), 4(c), and 4(d)
show the 2D-views and 3D-views of intensity enhancements of single gold nanoparticle under the
excitation wavelength λexc = 650 nm for the radius of 10 nm, 30 nm, and 50 nm, respectively. As
we can see, the intensity enhancements are 1.22× 103, 1.34× 103, and 1.31× 105, which show
the same order of intensity enhancements as shown in Fig. 1(a).

Fig. 5. (a) Scattering and absorption cross sections of the dimer of two identical gold
nanoparticles immersed in the titania medium, with radius ρ = 10 nm and distance of two
nearest ones l = 25 nm; (b) and (c) 2D-views and 3D-views of intensity enhancement of
dimer under the excitation wavelengths λexc = 700 nm and λexc = 630 nm for parallel and
perpendicular polarizations, respectively.
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We also perform the simulation for the dimer of coupling two identical gold nanoparticles
as shown in Fig. 5. Two excited polarizations of source of along and perpendicular to the inter-
particle axis, the radius of each gold nanoparticle of 10 nm and distance between them of 25 nm are
used. As shown in Fig. 5(a), the resonant wavelengths of around 700 nm and 635 nm are achieved
for polarizations of parallel and perpendicular to the inter-particle axis. There are a slightly shifts
of resonant wavelengths between the theoretical and simulation results due to dielectric constant
models. The 2D-views and 3D-views of intensity enhancements of the dimer for excited wave-
length at resonances and polarizations of parallel and perpendicular are also simulated and shown
in Figs. 5(b) and 5(c), respectively. As we seen, the “hot-spot” located at the center of the dimer
when the excitation is along the inter-particle axis and two identical nanoparticles are close to-
gether. Two order intensity enhancement of the dimer compared to that of the single nanoparticle.
In SERS applications, the hot-spots where the electromagnetic field is particularly intense, play
a key role that provide molecular information through greatly enhanced Raman scattering from
minute amounts of substance near nanostructured metallic surfaces. This work only provides a
general numerical and simulation studies on the plasmonic enhancement by metallic nanoparticles
in the dielectric medium. Other simulations of intensity enhancements in the cases of linear chain
and network have been done but not shown here exhibit the same tendency as theoretical results.

IV. CONCLUSION

In conclusion, the analytical expressions and algebraic equations determining the elec-
tromagnetic intensity in the dielectric medium surrounding these typical networks of metallic
nanoparticles due to the effect of their localized plasmon resonance were presented theoretically
and numerically investigated. From a review of the known results in the case of a simple metal-
lic spherical nanoparticle, we extended these results to the general case of any network of many
identical spherical metallic nanoparticles. The theoretical analysis was confirmed by a numerical
study of the localized plasmon resonance and its plasmonic coupling using the boundary element
method.
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