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Abstract. The BRST Charge plays a prominent role in interaction theory based on the Gauge
symmetry group. In this work we find the explicit expression of the BRST charge for Generalized
deformed SU(2) algebra.

I. INTRODUCTION

The study of quantum groups and algebra [1] - [3] is a direction of actual character
in theoretical physics. They find application in many problems such as quantum inverse
scattering theory, exactly solvable model in statistical mechanics, rational Conformal field
theory, two-demensional field theory with fractional statistics, etc . . .

The algebraic structure of quantum group can be formally described as a deformation,
depending on one or more parameters, of the “classical” Lie algebras [4] - [5] . In the
special limiting cases of these parameters the quantum algebras reduce to the ordinary
Lie algebras. Especially the BRST formalism has proved to be powerful for the study of
string theory

The subject of the paper is to find the explicit expression of BRST charge in generalized
deformed group SU{q}(2)

II. MULTIPARAMETER DEFORMED SU{qqq}(2)

1. The quantum algebra SU{q}(2) generated by the generators E, F, H obeys the
commutation relations

EF − β ({q})FE = f (H, {q})
[H, E] = 2E (1)

[H, F ] = −2F

β - some function of {q}, f - some function of H and {q}.
The Casimir operator C obeys commutation relations

[C, E] = [C, F ] = [C, H] = 0 (2)
Its explicit expression is found to be

C = β
1
2
H

{
EF + β−1φ

(
1
2
H

)
φ

(
1
2
H − 1

)}
(3)

φ(x) - some function satisfying the relation:
φ (x − 1) {βφ (x) − φ (x − 2)} = βf (2x − 2) . (4)
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2. In the limiting case β ({q}) = 1, f (x, {q}) = x, φ (x) = xexpression (1) gives back the
familiar expression known in the ordinary algebra SU(2)

[E, F ] = H

[H, E] = 2E (5)
[H, F ] = −2F

The Casimir operator C is
C = EF + 1

2H
(

1
2H − 1

)

= EF + 1
4H2 − 1

2H
= I2

1 + I2
2 + I2

3

(6)

where
E = I1 + iI2

F = I1 − iI2

H = 2I3

(7)

3. The representation of quantum algebra SU{q} (2)
In the Hilbert space with the basic |jm〉 with j = 0, 1

2 , 1, 3
2 , ..., m = j, j − 1, . . . ,−j the

action of the generators E, F , H yields
H |jm〉 = 2m |jm〉
E |jm〉 =

{
βj−m−1ϕ (j − m)ϕ (j + m + 1)

} 1
2 |j, m + 1〉

F |jm〉 =
{
βj−mϕ (j − m + 1)ϕ (j + m)

} 1
2 |j, m− 1〉

(8)

ϕ (x) - some function satisfying the equation
βy {ϕ (y + 1) ϕ (x)− ϕ (y)ϕ (x + 1)} = f (x − y) . (9)

Let us consider some special cases.
a) Multiparameter deformations

f (x, {q}) =
γx − (γβ)−x

γ − (γβ)−1 (10)

From (4), (9) we can prove that
φ = ϕ = f. (11)

b) One parameter deformation

f (x, {q}) = [x]q =
qx − q−x

q − q−1
. (12)

This corresponds to the values β = 1, γ = q.
The Casimir operator is

C = EF +
[
1
2
H

]

q

[
1
2
H − 1

]

q

. (13)

It can be shown that its eigenvalue is
C = [j]q [j + 1]q . (14)

c) Two- parameter deformation

f (x, {q}) = [x]pq =
qx − p−x

q − p−1
(15)

This corresponds to the values β = q−1p, γ = q.
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The Casimir operator is

C =
(
q−1p

) 1
2
H

{
EF +

(
qp−1

) [
1
2
H

]

pq

[
1
2
H − 1

]

pq

}
(16)

Its eigenvalue is
C =

(
pq−1

)j [j] pq [j + 1]pq (17)

III. OSCILLATOR REPRESENTATION

Let us consider the operators a1, a2 and their adjoints a+
1 , a+

2 satisfying the algebraic
relations

aia
+
i − (βS)−1 a+

i ai = SNi ; i = 1, 2
[ai,aj ] = 0; i 6= j

(18)

where Ni are oscillator number operators which are defined from the ai, a
+
i as follows

f (Ni, {q}) = a+
i ai

f (Ni + 1, {q}) = aia
+
i ; i = 1, 2

(19)

as a result, from these relations we obtain
[Ni, aj] = −aiδij[
Ni, a

+
j

]
= a+

i δij .
(20)

S - some function of {q} satisfying the equation
βy {Syf (x, {q}) − Sxf (y, {q})} = f (x − y, {q}) , (21)

aia
+
i − xa+

i ai =
[
(βS)−1 − x

]
f (Ni {q}) + SNi (22)

for arbitrary x.
The generators of SU{q} (2) can be expressed in terms of two independent oscillators

a1, a2 and their adjoints a+
1 , a+

2 as follows:
E = a+

1 β
N2
2 a2, F = a+

2 β
N2
2 a1, H = N1 − N2 (23)

For two - parameter (p, q) deformation S = q, β =
(
pq−1

)
and relations (18) and (23)

reduce to the following relations:
aia

+
i − p−1a+

i ai = qNi , (24)

E = a+
1

(
q−1p

)N2
2 a2, F = a+

2

(
q−1p

)N2
2 a1, H = N2 − N1. (25)

IV. THE BRST CHARGE IN GENERALIZED DEFORMED GROUP
SU{q} (2)

We introduce double ghosts Cl (x) and antighosts bl (x) associated to the generators
E, F, H of deformed algebra (1). They obey the anticommutation relations

{C+, C−}β = 0, {b+, C−} = 1
{C+, C0}= 0, {b−, C+} = 1
{C−, C0}= 0, {b0, C0} = 1
{b+, C+}β = 0, {bl, bm} = 0, (l, m = ±, 0)
{b−, C−}β−1 = 0
{b0, C−}β−1 = 0

(26)



26 NGUYEN THI HA LOAN AND NGUYEN HONG HA

where we denote
{A, B}f = AB + fBA. (27)

From them explicit expression of the BRST charge Q is found:

Q{q} =EC− + FC+ + f (H, {q})C0 + β− 1
2 b0C+C−

+
1
2

[f (H + 2, {q}) − f (H − 2, {q})] [b+C−C0 − b−C+C0]

+
1
2

[f (H + 2, {q}) + f (H − 2, {q}) − 2f (H, {q})]

× [b+C−C0 + b−C+C0 − 2b+b−C+C−C0]

(28)

For the case

f (x, {q}) = [x]q =
qx − q−x

q − q−1
(29)

we have
Q =EC− + FC+ + [H ]q C0 + b0C+C−

+
(
qH+1 + q−H−1

)
b+C−C0 −

(
qH−1 + q−H+1

)
b−C+C0

−
(
q − q−1

)2 [H ]q b+b−C+C−C0.

(30)

For the case

f (x, {q}) = [x]pq =
qx − p−x

q − p−1
, β = q−1p (31)

we have
Q = EC− + FC+ + [H ]pq C0 +

(
q−1p

)− 1
2 b0C+C−

+
qH(q2−1)+p−H(1−p−2)

q−p−1 b+C−C0

− qH(1−q−2)+p−H(p2−1)
q−p−1 b−C+C0

− 1
q−p−1

{(
q − q−1

)2
qH −

(
p − p−1

)2
p−H

}
b+b−C+C−C0

(32)
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